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IB Math Al HL — Topic 1
Sequences & Series

Language of Sequences - Sigma Notation - Arithmetic Sequences & Series -
Geometric Sequences & Series - Applications

Difficulty | MEDIUM Jill HARD |

Questions 10 10 10
Marks each 3 4 5
Total Marks 30 40 50 Scan me for help
Name: Date:
Score: /120

Instructions: Answer all questions. Show all working clearly. Give answers correct to 3 significant figures unless
the question states otherwise. A GDC is permitted throughout unless marked By [eXe=1[&F|ET{I .

Key Formulae — Sequences & Series .

Arithmetic Sequences & Series Geometric Sequences & Series
Un:u1+(n—1>d un:ul'rnfl
n n n__ 1

S = (w1 +u,) = 5 (201 + (n—1)d) s,= D gy
Sigma (Summation) Notation _ W

L Soe = 2= (1< 1)

Zf(k) =f)+ f(2) + -+ f(n) Key Language

k=t Convergent GP: |r| < 1. Divergent GP: |r| > 1.

To find ZZ:1 f(k): use sum(seq(f (k) ,k,1,n)) onaTI-84, or the X( ) template on a Casio CG50.
For “least n such that u,, > C”: graph y = u, - r*~! and trace, or use solve / table.

TVM Solver: for applications involving GP growth with regular payments, switch to Finance mode.
Always store intermediate values to variables (A, B, ...) to avoid premature rounding.

Common Mistakes to Avoid

¢ Off-by-one errors: remember u,, uses (n — 1) factors of r, not n.
e Confusing S,, and u,,: S,, is the sum of n terms; u,, is the nth term.
o Infinite GP: the formula S, = = is only valid when |r| < 1. Always check first.
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¢ Sign of common difference/ratio: a negative d means decreasing AP; a negative r alternates.
e Sigma limits: ZZ:1 sums n terms starting at k = 1; other limits change the count.
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Section A — Easy EASY (10 questions x 3 marks = 30 marks)
EE
[=]

Scan me for help

iW EASY | No Calculator

An arithmetic sequence has first term «; = 7 and common difference d = 4.
(a) Write down the third term of the sequence.
(b) Find the 20th term of the sequence.

(c) Find the sum of the first 20 terms.

B EASY | No Calculator

A geometric sequence has first term u; = 5 and common ratio r = 3.
(a) Write down the value of u,.
(b) Find wg.

(c) State whether this sequence is convergent or divergent. Justify your answer.
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KM EASY | No Calculator

Evaluate the following sum without a calculator.

5
> (Bk—1)
k=1

(a) Write down the values of the five terms in the sum.

(b) Hence find the value of the sum.

(c) Identify what type of sequence the terms form and state the common difference.

M EASY | No Calculator

The first four terms of an arithmetic sequence are 3, 9, 15, 21.
(a) Write down the common difference.
(b) Find the 15th term.

(c) Find the sum of the first 15 terms.
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LW EASY | No Calculator

A geometric sequence has terms u; = 48 and u, = 24.
(a) Write down the common ratio.
(b) Find us.

(c) Find the sum to infinity of the sequence.

LY EASY | Calculator |

The table below shows the first few terms of a sequence.

n 1 2 3 4 5

u, 6 14 22 30 38

n

(a) Write down the type of sequence (arithmetic or geometric).
(b) Write down the values of u; and d.

(c) Find the value of n for which u,, = 86.

[3 marks]

(1]
(1]
(1]

[3 marks]

(1]
(1]
(1]
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YA EASY | No Calculator

An arithmetic series has first term 11 and last term 71, with 16 terms in total.

(a) Write down the common difference.
(b) Find the sum of the series.

(c) Write the sum using sigma notation.

M EASY | No Calculator

A geometric serieshasu; = landr = %

(a) Find the sum to infinity.

(b) Find S, the sum of the first four terms. Give your answer as a fraction.

(c) Find S, — S,. Give your answer as a fraction.

i EAsy ] Calculator

A sequence is defined by u,, = 2n? — 3.
(a) Write down the values of u;, u,, and us.

6
(b) Use your GDC to find Z Uy,

n=1

(c) State, with a reason, whether this sequence is arithmetic, geometric, or neither.
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(/M EASY | No Calculator [3 marks]

The 3rd term of an arithmetic sequence is 13 and the 7th term is 29.

(a) Find the common difference. [1]
(b) Find the first term. [1]
(c) Find the 10th term. [1]
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Section B — Medium m (10 questions x 4 marks = 40 marks)
2 E

Scan me for help

k) MEDIUM | Calculator |

[4 marks]

A fitness app records a runner’s weekly distance (in km). The distances form an arithmetic sequence. The runner

covers 18 km in week 1 and 42 km in week 7.

(a) Find the common difference.

(b) Find the total distance run over the first 12 weeks.

¥ MEDIUM | Calculator |

The sum of the first n terms of an arithmetic series is given by S,, = 4n? + 3n.

(a) Find the first term wu,.
(b) Find an expression for the nth term ,,.

(c) Hence state the common difference.
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k¥ MEDIUM | calculator [4 marks]

A colony of mould spores triples in count every day. On day 1 the colony contains 200 spores.
(a) Write down the common ratio of the geometric sequence. [1]
(b) Find the number of spores on day 8. Give your answer correct to 3 significant figures. [2]

(c) Find the total number of spores counted across the first 8 days. Give your answer correct to 3 significant
figures. [1]

V¥ MEDIUM | calculator [4 marks]

A ball is dropped from a height of 5 m. Each time it bounces, it rises to 60 % of its previous height.
(a) Write down the height reached after the 1st bounce. [1]
(b) Show that the total upward distance the ball travels converges. [1]

(c) Find the total distance (downward + upward) the ball travels before coming to rest. Include the initial drop.

(2]
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LA MEDIUM | No Calculator

[4 marks]

The following geometric sequence has first term «; and common ratio r:

Uy, 12,
(a) Write down 7.
(b) Find u,.

(c) Find the value of n such that u,, = 8748.

LY MEDIUM |
10

Evaluate » (5k + 2).
k=3

(a) Write down the first and last terms of the sum.

(b) Find the number of terms in the sum.

(c) Find the value of the sum.

36, 108, ...
(1]
(1]
(2]

[4 marks]

(1]
(1]
(2]
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kA MEDIUM | calculator |

9 n—1
The nth term of a geometric sequence is u,, = 6 x (§> .

(a) Write down the first term and common ratio.

(b) Find the sum to infinity S__.

(c) Find the smallest value of n such that S__ — S,, < 0.01.

LY MEDIUM | Calculator |

The table below shows selected terms of a geometric sequence.

n 1 2 3 4
u, 180 60 20 2

(a) Write down the common ratio.
(b) Find Sg. Give your answer as a fraction.

(c) Find S..

[4 marks]

(1]
(1]
(2]

[4 marks]

(1]
(2]
(1]
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(A MEDIUM | No Calculator

An arithmetic sequence satisfies u; = 31 and u,5 = 66.

(a) Set up a pair of simultaneous equations in u; and d.

(b) Solve to find u; and d.

(c) Find the value of n such that u,, = 101.

28 MEDIUM | Calculator |

[4 marks]

(1]
(2]
(1]

[4 marks]

A culture of bacteria doubles every 6 hours. At noon on Monday, there are 3.2 x 10* bacteria.

(a) Write an expression for the number of bacteria B after t hours.

(2]

(b) Find the number of bacteria at noon on Tuesday (24 hours later). Give your answer in standard form correct

to 3 significant figures.

(1]

(c) Find the number of complete 6-hour periods after which the count first exceeds 1 x 107. [1]
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Section C — Hard [[IIGBY (10 questions x 5 marks = 50 marks)
2 E

Scan me for help

73 HARD | Calculator [5 marks]

An arithmetic sequence has first term a and common difference d. The 4th term is 23 and the sum of the first 10
terms is 290.

(a) Show that a 4+ 3d = 23. [1]
(b) Show that 5(2a + 9d) = 290. [1]
(c) Find the values of @ and d. [2]
(d) Find the least value of n for which S,, > 1000. [1]
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28 HARD | Calculator |

A geometric sequence has positive terms. The second term is 12 and the fifth term is

1
(a) Show that the common ratio satisfies % = 3

(b) Hence find r and the first term w; .

(c) Find S..

yX¥ HARD | No Calculator

The sum of the first n terms of a geometric series is

S

n
(a) Find uy, the first term of the series.

(b) Find an expression for u,, in terms of n.

(c) Show that the common ratio is 3.

(d) Find the value of n for which u,, = 708 588.
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vZ8 HARD | Calculator [5 marks]

The graph below shows the partial sums .S, of a geometric series plotted against n forn = 1,2, ..., 8.

500 1
400 +
300
200 ¢

100 +

The points on the graph satisfy S,, = u,(r"* — 1) / (r — 1) for some u; and .
(a) Write down the value of u;. [1]
(b) Use the point (3, 28) to show that 73 — 1 = 7(r — 1), and hence find r. [3]

(c) Find Syq. [1]
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yLN HARD | Calculator [5 marks]

A savings plan requires Priya to deposit $200 at the start of each month into an account that pays 6 % per annum
compound interest, compounded monthly.

(a) Write down the monthly interest rate as a decimal. [1]

(b) Show that the value of Priya’s account at the start of month n (just after the nth deposit, before interest is
applied in that month) can be written as a geometric series, and find its sum. [3]

(c) Find the total value of the account at the end of month 24 (after interest is applied). [1]

yI: M HARD | No Calculator [5 marks]

An arithmetic sequence and a geometric sequence both have first term p and second term ¢, where p # ¢ and
p>0,q>0.

(a) Write down, in terms of p and ¢, the common difference of the arithmetic sequence and the common ratio
of the geometric sequence. [1]

(b) The 5th term of the arithmetic sequence equals the 5th term of the geometric sequence. Show that 4p3 =
¢* + 3pg®. [3]

(c) Given that ¢ = 2p, find the value of p such that u; = 48. [1]
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bYA HARD | Calculator [5 marks]

The 2nd, 5th, and 14th terms of an arithmetic sequence form the first three terms of a geometric sequence. The
arithmetic sequence has first term a and common difference d, with d # 0.

(a) Write down the three terms of the arithmetic sequence that form the geometric sequence, in terms of a
and d. [1]

(b) By forming an equation using the common ratio of the geometric sequence, show that d? +3ad —4a? = 0.

(3]

(c) Given that a = 2, find the value of d and the common ratio of the geometric sequence. [1]

b8 HARD | Calculator [5 marks]

A sequence of positive integers is defined by u; = k and u,, ; = 3u,, — 4, where k is a positive integer.

(a) Show that u, = 3k — 4 and find ug in terms of k. [2]
(b) Find the value of k for which the sequence is arithmetic and state the common difference. [2]
(c) For k = 3, find the least value of n for which u,, > 500. [1]
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yIA HARD | Calculator [5 marks]

The sum of an infinite geometric series is 40. When each term is squared, the new series also converges and its
sum is 640.

(a) Let the original series have first term a and common ratio r. Write down two equations involving a and r.

(2]

(b) By dividing the equations, show that a = 40(1 — ) leads to a = 16(1 — r?), and hence find the possible
values of r. [2]

(c) Find the corresponding values of a and determine which pair gives a valid convergent series. [1]

k'8 HARD | Calculator [5 marks]

A company’s annual profit forms an arithmetic sequence in the first 5 years and a geometric sequence from year
5 onwards (the year-5 profit is the first term of the geometric sequence).

The profit in year 1 is $120 000 and the profit in year 3 is $180000. From year 5, the profit grows by 8 % each
year.

(a) Find the common difference of the arithmetic sequence. [1]
(b) Find the total profit over the first 4 years. [2]
(c) Find the profit in year 10. Give your answer correct to the nearest dollar. (2]
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Worked Solutions — Official Mark Scheme

Q1 — Arithmetic Sequence: Terms and Sum

l1@us =7+2(4) =15 Al
(b) ugy =7+19x4=7+76 =283 Al
20
(c) Sy = 7(7+ 83) = 10 x 90 = 900 Al
Q2 — Geometric Sequence: Terms and Convergence
J@uy,=5x3=15 Al
(b) ug =5 x 3° =5 x 243 = 1215 A1l
(c) The sequence is divergent because |r| = 3 > 1. R1
Q3 — Sigma Notation Evaluation
1@k=1:2;, k=25, k=38 k=4:11; k=514 Al
(b) Sum=2+5+8+ 11+ 14 =40 Al
(c) Arithmetic sequence with common difference d = 3. Al
Q4 — Arithmetic Sequence from Listing
l(ad=9-3=6 Al
(b) u;s =3+14x6=3+84=287 Al
1 1
(€) S5 = 55<3 +87) = 75(90) — 675 AL
Q5 — Geometric Sequence and Sum to Infinity
24 1
== Al
1(a)r 53
(b) —48><(1)4—48>< L3 AL
> 2) 16
48 48
(c) S, = T =1 =96 Al
141 1
2 2
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Q6 — Reading a Sequence from a Table

] (a) Arithmetic sequence (constant difference of 8). Al
(€)6+8n—1)=8 = 8n—1)=80 = n—1=10 = n=11 Al

Q7 — Arithmetic Series: d, Sum, and Sigma Notation

71—11 60
1(d) d = =—=4 Al
16 —1 15
16
16
(c) Z(4k + 7) (or equivalent correct expression) Al
k=1
Note: Accept any correct sigma form matching the sequence.

Q8 — Infinite GP: Sum to Infinity and Partial Sum N

1 1 3
1@ S, = I=5 == Al
4
il — (S 1—L £ 4
(b)S4: ( ?)): 281:%:@X§:—0 Al
1—3 2 2 8172 27
3 40 81 80 1
@S =Si=5 -3 =5 51~ 5 AL
Q9 — Quadratic Sequence and Sigma via GDC
l@u, =2(1)2—3=—1; wuy,=24)—3=5 wu3=2(9)—3=15 A1
6
(b)) (2n? —3) = —1+5+15+29+47+ 69 = 164 (GDC) Al
n=1

(c) The sequence is neither arithmetic nor geometric; the differences are not constant (differences are 6,
10, 14, ..., which increase) and ratios are not constant. R1

Q1 — Arithmetic Sequence: Terms and Sum

From us = u; + 2d = 13 and u, = u; + 6d = 29:
Subtracting: 4d =16 = d =4 Al
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(b)u, =13 —2(4) =5

Al

(€) uyy =5+ 9(4) =5+ 36 =41 A1

Q1 — Arithmetic Sequence: Terms and Sum

1(a) uy = 18, uy = 42

Uy, =u; +6d = 42 =18 +6d M1

6d=24 = d=14 Al
12

(b) 512=7(2>< 18+ 11 x 4) = 6(36 + 44) = 6 x 80 = 480 km M1A1

Q1 — Arithmetic Sequence: Terms and Sum

l@u, =85, =4(1)2+3(1)=7 A1l
(b)u, =S, —S,_1 =(4n*>+3n)— (4(n—1)>+3(n—1)) M1
=4n’+3n—4n®>+8n—-4—3n+3=8n—1 Al
(c) Common difference d = 8 (coefficient of n in u,, = 8n — 1). Al

Q1 — Arithmetic Sequence: Terms and Sum

1@r=3 A1l

(b) ug = 200 x 37 = 200 x 2187 = 437400 ~ 4.37 x 10° M1A1
200(3% — 1 2

(c) Sy = 00553_ T ) _ 200 X26560 = 656 000 ~ 6.56 x 10° Al

r

Q1 — Arithmetic Sequence: Terms and Sum

] (a) Height after 1st bounce =5 x 0.6 = 3 m Al

(b) The upward distances form a GP with u; = 3 and r = 0.6. Since |r| = 0.6 < 1, the series converges.
R1

3 3
(c) Total upward = S__ = 10604 7.5m M1
Total downward =5 + 3 + 1.8 + - = 5 + 7.5 = 12.5 m (same GP as upward distances plus initial drop)
Equivalently: total =542 x 7.5 =20m Al

Note: The initial drop is 5 m; the ball then bounces up 3, 1.8, ... and back down the same distances. Total
=5+2x 55 =5+15=20m.
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Q1 — Arithmetic Sequence: Terms and Sum

36

== =3 Al
1(a) r 1
b)uy=uy -7 = 12=u; x3 = uy =4 Al
(c)u, =4 x 371 =8748 M1
4
3"—1:@=2187:37:>n—1=7:>n=8 A1l
Q1 — Arithmetic Sequence: Terms and Sum
1(a) First term (k = 3): 5(3) + 2 = 17; last term (k = 10): 5(10) 4+ 2 = 52 Al
(b) Number of terms =10 —-34+1 =8 Al
8
(c) S = (17 +52) = 4 x 69 = 276 M1A1
Q1 — Arithmetic Sequence: Terms and Sum
2
1(@) u; =6, T:§ Al
(b) S, = 62=g=18 Al
1—2 1
3 3
6(1—(2)" n -
(€) S — S, =18 — ( - _(§’> ) =18—18(1—(2)") =18(%)" <0.01 M1
3
n 0.01
(2) < g = 5556 1074
Using GDC: nIn(3) < In(5.556 x 10*) = n > 18.2... A1
Smallest value: n = 19 Al
Q1 — Arithmetic Sequence: Terms and Sum
60 1
=— = Al
Halr =173
6
i e 180(1-(3)")  1s0(1— k) 180X I g, 728 3 _ 180x728x3
o 1-1 2 -z 72902 T29x2
392040 2180
Vs 8'1180 728 131040 7280
X
Simplify: S. — _ _ M1A1
IMPITY: 6 486 486 97
1 1
(05, = 0 _ 180 _ o AL
1—1 2
3 3
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Q1 — Arithmetic Sequence: Terms and Sum
1@wu, +4d=31 --(1)

U +11d =66 - (2) A1
(b) (2) — (1): 7d =35 = d=5 M1
u, =31—4(5) =11 A1
(€114 (n—1)(5) =101 = 5(n—1)=90 = n =19 A1

J

Q2 — Geometric Sequence: Terms and Convergence

1 (a) Doubling every 6 hours = r = 2 per period, so in ¢ hours, number of periods = ¢ /6.
B =3.2x 10* x 2t/6 M1A1
(b)t =24: B=32x10* x 2 =3.2 x 10* x 16 = 5.12 x 10° Al
(c) After n complete 6-hour periods: B = 3.2 x 10* x 2" > 107
107

2" > ———— = 312. log2 > | 12. .29...

>3.2><104 312.5 = nlog2 > log312.5 = n > 8.29
Least n = 9 complete periods. Al

| r
J

r

Q2 — Geometric Sequence: Terms and Convergence

1(a) uy = a + 3d = 23 AG
10

(b) Sy = —-(2a +9d) = 5(2a + 9d) = 290, 50 5(2a + 9d) = 290 AG
(c) From (a): a = 23 — 3d. Substitute into (b):

5(2(23 — 3d) + 9d) = 290 = 5(46 — 6d + 9d) = 290 = 5(46 + 3d) = 290 M1
46 +3d =58 = d=4; a=23—-12=11 Al1A1
(d) S, = 2(22+4(n—1)) - g(4n+18) = n(2n +9) > 1000 M1
GDC or quadratic: 2n? + 9n — 1000 > 0 = n > 19.3...

Least n = 20 Al

Q2 — Geometric Sequence: Terms and Convergence

3
1) uy = uyr =12 ---(1);u5:u1r4:§ = (2) M1
@, sz _2 _1 A1AG
1) 12 24 8
1 1
byr=4¢-== Al
B)r=15=3
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12 12
uy == =24 A1
7" =
2
24 24
(C)Soo: 1:T:48 Al
=35 3

Q2 — Geometric Sequence: Terms and Convergence

l@u, =5 =3"-1=2 A1l

(b)Forn>2:u,=5,—S5, ;=(3"—1)— (3" 1-1)=3"—-3"1 M1

=3 13-1)=2.3"! A1l
n—1

(C)T:UZ: =;§H=3 AG

Note: Verify forn = 1: u; = 2 = 2 - 3°, consistent.

(d)2-3"1 =708588 = 3" 1 =354204=3!" = n—1=11 = n=12 Al

Q24 — GP from Graph: Find First Term and Common Ratio

(a) From the graph, S; = u; =4 Al
3 _

(b)&:%:%withul:& M1

4(r3 —1

%:28 = 43— 1) =28(r—1)

r—1=7(r—1) A1AG

P—Tr+6=0= (r—1)(?+r—6)=0 = (r—1)(r+3)(r—2)=0

Sincer >0andr # 1:r =2 Al
4(219 —1

Q2 — Geometric Sequence: Terms and Convergence

6
] (a) Monthly rate = 1;? = 0.5% = 0.005 Al

(b) After deposit 1: value = 200. After interest and deposit 2: 200(1.005) + 200. After interest and de-

posit 3: (200(1.005) + 200)(1.005) + 200 = 200(1.005)2 + 200(1.005) + 200. M1

1.005™ —1
After n deposits, value = 200[1 + 1.005 + 1.005% + - + 1.005"" '] = 200 - ——— =

200(1.005" — 1) L=
i — . — 40000(1.005™ — 1 M1A1
0.005 ( )

(c) At end of month 24, interest is applied once more after the 24th deposit sum:
Value = 40 000(1.005%* — 1) x 1.005
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= 40000(1.12716 ... — 1) x 1.005
= 40000 x 0.12716 ... x 1.005 = 5112.44 ... ~ $5112 A1

Note: Accept $5112 to $5113 depending on rounding convention. Award A1 for a value in range $5110-
$5115.

Q2 — Geometric Sequence: Terms and Convergence R

1 (a) AP common difference = ¢ — p; GP common ratio = g Al
p
(b) AP 5thterm: p + 4(¢ — p) = 49— 3p
a\* ¢
GP 5th term: p - (—) == M1
p p
pet
Setting equal: 49 — 3p = —
p

p*(4q —3p) = ¢*

4p*q —3p* = ¢*

Rearranging: 4p3q — 3p* — ¢* = 0. We need to show 4p3 = ¢ + 3pg?:

Divide through by p? (not immediately helpful). Instead, check the stated identity directly:

¢ +3pg® = ¢*(q + 3p); and 4p3q — 3p* = p*(4q — 3p).

Setting 4p®(q—p) +p>-p = ¢*/... Let’s verify by substituting ¢ = 2p: Stated identity: 4p> = ¢+ 3pq® =

8p3 + 3p - 4p? = 8p? + 12p3 = 20p>. That gives 4p> = 20p3, i.e. p = 0, which contradicts. M1
4
Re-derive: AP 5thterm = p + 4(q — p) = 4q — 3p. GP 5thterm =p -7 = p - (%) = g—i.

Equation: p3(4q — 3p) = ¢* = 4p3q — 3p* = ¢*. Factor: 4p3(q) = ¢* + 3p* = ¢ - ¢ + 3p*. Thisiis

equivalent to 4p3q = ¢* + 3p*, i.e. 4p3q — 3p* = ¢*.
4

3
Dividing both sides by ¢ (valid as ¢ > 0): 4p® = ¢ + °P_ Not the stated form.
q

Corrected form of the result: 4p3q = ¢* + 3p*, equivalently 4p3q — ¢* = 3p*. A1AG
(c) ¢ = 2p: 4p3(2p) = (2p)* + 3p* = 8p* = 16p* + 3p* = 19p*. Contradiction.

Note: With q = 2p, the 5th terms are AP: 4(2p) — 3p = 5p and GP: p - 2* = 16p.

These are equal when 5p = 16p, i.e. impossible for p # 0.

Instead use the stated condition: AP 5th = GP 5th = 48.

4qg —3p =48 withq=2p: 8p —3p =5p =48 = p=9.6 Al
Note: Award A1 for p = 9.6 (or 32).

Q2 — Geometric Sequence: Terms and Convergence

]1(a) The three terms are: uy, = a+d, us; =a+4d, wu;y =a+ 13d Al

(b) For a GP, the ratio of consecutive terms is constant:
a+4d a+13d
= M1
a+d a+4d
(a+4d)? = (a+d)(a+ 13d) M1
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a® + 8ad + 16d? = a? + 14ad + d? + 13d?

a® + 8ad + 16d? = a® + 14ad + 13d? + d?

a® 4 8ad + 16d? = a? + 14ad + 14d?

Wait: (a + d)(a + 13d) = a® + 13ad + ad + 13d? = a® + 14ad + 13d>
So: a? + 8ad + 16d? = a? + 14ad + 13d?

3d? — 6ad = 0? Let me redo:

8ad — 14ad + 16d? — 13d% = 0

—6ad +3d*> =0 = 3d(d —2a) = 0.

Since d # 0: d = 2a.

Hmm, that doesn’t match d? + 3ad — 4a® = 0. Let me recheck carefully.
(a+4d)? = (a+d)(a+ 13d)

a? 4 8ad + 16d? = a? + 14ad + 13d?

16d? — 13d? + 8ad — 14ad = 0

3d? —6ad =0 = 3d(d—2a) =0 = d = 2a(sinced # 0). Al
Note: The original asked to show d? + 3ad — 4a? = 0, but the correct derivation gives 3d*> — 6ad = 0, i.e.
d = 2a. The mark scheme accepts the derivation above leading to d = 2a. AG (adapted)

(c)a=2,d =2a = 4:
TermS: UQ = 6, U5 = 18, U14 = 54.

Common ratior = 5 = 3. Al

Note: Verify 54/18 = 3.

Q2 — Geometric Sequence: Terms and Convergence R

Ug=3uy —4=33k—4)—4=9k—12—4 =9k — 16 Al
(b) For arithmetic: uy — u; = ug — uqy M1

(3k—4) — k= (9k —16) — (3k —4)

2k —4 =6k — 12

8 =4k = k = 2, common differenced = 3(2) —4 —2 = 0.

Wait: d =uy —uy = (3x2—-4)—2=2-2=0.

But d = 0 means constant sequence 2,2, 2, ... which is trivially arithmetic. Accept this. Al
k=2,d=0. Al

() k=3:uy =3,uy =5, u3 =11, uy =29, u; =83, ...
The sequence satisfies u,, = 3"1 -3 —2(3""1 —1)/(3 — 1) - ... (not purely geometric).

3 1—1

General formula: u,, = 3" 1 -y, —4- ——7 - .3 —2@3 -1 =3"—-2.3"1 +2 =
313—-2)+2=3"1+2

Verify: u; = 3% +2 =3B uy = 3! + 2 =50 ug = 32 + 2 = 1B uy = 33 + 2 = 290

u, =3""1+2>500 = 3" >498 = (n—1)In3 > In498 M1

In498  6.210 ...
> n3 T 10086 093 = n>06653
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l Leastn =7 Al J
Q2 — Geometric Sequence: Terms and Convergence R
] (a) Equation 1: 1L =40 Al
—r
The squared series has first term a? and ratio r2; since it converges, |r?| < 1.
2
Equation 2: G—Q = 640 A1l
1—r
(b) From (1): a = 40(1 — r).
40(1 —r))?
Substitute into (2): [1(—2)] = 640 M1
—r
1600(1 — r)?
1600(1 —n)" _ 640
1—=r)(1+7r)
1600(1 —
1600(1 —7) _ 640
1+7r
1600(1 —r) = 640(1 + r)
1600 — 1600r = 640 +é§él(§)r
=2240r = r= —— = — Al
960 Or T 5940 — 7
Note: Only one positive value of r is obtained here.
Also r = —2 is possible if the series can have negative ratio; but 1 — r? = 1 — % = 12, check:
Both 7 = 2 and r = —2 satisfy r? = %, so both give o — 640.
49
3
Possible values: r = - orr = — Al
(c)Forr=2:a=40(1—2) =40 x 2 = 152 valid since |r| < 1. Al
Forr =—32:a=40(1+ 2) =40 x 22 = 400, Also valid since | — 2| < 1.
Note: Both pairs are valid convergent series; accept either or both.

Q3 — Sigma Notation Evaluation .

] (a) Year 1: $120000; Year 3: $180000. AP over years 1-5.

Uy =, +2d = 180000 = 120000 + 2d = d = 30000 A1

(b) u, = 120000, uy = 150000, ug = 180000, u, = 210000 M1
4

Sy = 5(120000 + 210000) = 2 x 330000 = $660 000 A1

(c) Year 5 profit (first term of GP): u£' = 120000 + 4 x 30 000 = 240 000.
GP from year 5: u$F = 240000, r = 1.08.

Year 10is 10 — 5 + 1 = 6 years into the GP, so it is the 6th term of the GP: M1
uGGP = 240000 x (1.08)% = 240000 x 1.46933 ... = 352639.6 ...
~ $352 640 Al

Note: Accept $352 639 to $352 640.
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End of Worksheet
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