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IB Math Al HL — Topic 3 [set 1
Modelling with Vectors

Kinematics with Vectors - Constant & Variable Velocity - Position, Speed &
Distance

Difficulty | MEDIUM |

Questions 10 10 10 30 total
Marks each 3 4 5
Section marks 30 40 50 120 total
Name: Date:
Score: /120

Scan me for help

Instructions: Answer all questions. Show all working unless “write down” is stated. Give answers correct to 3

significant figures unless otherwise stated. A GDC is permitted throughout.

Key Formulae — Vectors & Kinematics

Velocity: v(t) =r'(t) Acceleration: a(t) = v/(t) = r"(t)

2
Speed: |v| =, /v2 +v2 Distance travelled (¢, to Z,): / lv(t)|dt
t

1

Displacement: r(t,) —r(t;) Closest approach: minimise |ry (t) — ry(t)|
u-v
Jullv]

Perpendicular: u-v =0 Parallel: u = kv  Angle: cosf =

e Position (const. velocity): r(¢) = r, + tv  Position (variable): r(¢) = [v(¢)dt + ¢

e Use nDeriv / d/dx to differentiate vector components; fnint / [ to integrate.
e Closest approach: store |r; (t) — ry(t)|?
¢ Interception: set component equations equal; solve the system using solve( ).

e Graph |v(t)| to locate when the particle is at rest (speed = 0).

e Store \/(z(t))2 + (y,(t))? as a function of ¢ to find distance from origin.

as Y1, use minimum in the graph menu.
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Section A — Easy EASY (10 questions x 3 marks = 30 marks)
EE
[=]

Scan me for help

1. [3 marks]

A surveillance drone starts from the point with position vector r, = <5> m and moves with constant velocity

V= (_31) ms— L.

(a) Write down the position vector r(t) of the drone at time ¢ seconds. [1]
(b) Find the speed of the drone. [1]
(c) Find the position of the drone after 4 seconds. [1]

2. [3 marks]

A particle moves from point P(1, —2, 3) to point Q(5, —3, 5). Distances are in metres.

(a) Write down the displacement vector ?ﬁ [1]
(b) Find the distance PQ). [1]
(c) Write down a unit vector in the direction of ?Zj [1]
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<N EASY [3 marks]
A cargo ship is at position (_73> km at time ¢ = 0 hours and at position (g) km at time t = 4 hours. The ship

travels with constant velocity.
(a) Find the velocity vector of the ship in kmh™?. [2]

(b) Find the time at which the z-coordinate of the ship equals 9 km. [1]

4. [3 marks]

. o . o 22
A remote-controlled car moves so that its position vector at time ¢ seconds is given by r(t) = <3t At ) metres.
(a) Write down the velocity vector v(t). [1]
(b) Find the speed of the car when ¢ = 1. [1]
(c) Find the value of t when the horizontal component of velocity equals 6 ms—!. [1]

5. [3 marks]

. 2 . . - 1
A boat has velocity vector v(t) = (37&) ms~! at time ¢ seconds. At t = 0, the boat is at position (_2) m.

(a) Find the position vector r(t). [2]

(b) Find the position of the boat when ¢t = 3. [1]
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6. [3 marks]

. . . . —4
Drone A travels with velocity v; = (i) m s~ ! and Drone B travels with velocity v, = ( 3 ) ms 1.

(a) Show thatv, - v, = 0. [1]
(b) State what this result tells you about the directions of motion of the two drones. [1]
(c) Find the speed of Drone A. [1]

7. [3 marks]

. . . —1 L . L.
A particle moves with constant accelerationa = ( 3 ) m s—2. The initial velocity of the particle is v(0) = ( g )

—2
ms L
(a) Write down the velocity vector v(¢). [1]
(b) Find the value of ¢ when the y-component of velocity is zero. [1]
(c) Find the speed of the particle at this time. [1]

8. [3 marks]

A particle moves so that its position vector at time ¢ seconds is r(t) = (552?:;5) metres, for ¢ > 0.
(a) Write down the velocity vector v(¢). [1]
(b) Show that the speed of the particle is constant and equal to 5 ms—!. [1]
(c) Write down the shape of the path traced by the particle. [1]

Score a 7 | ibmathtutordubai.com | Page 4



Mr. Ahmad | IB Math Tutor

ibmathtutordubai.com

Al HL — Topic 3: Vectors & Kinematics
Modelling with Vectors - Constant & Variable Velocity

i EAsy | 6o |

[3 marks]

A particle moves along a straight track. Its velocity at time ¢ seconds is v(t) = 6t —t> ms™!,for 0 < ¢ < 6. The

displacement from the origin at t = 0 is zero.
(a) Find the displacement s(t) from the origin.

(b) Find the displacement when t = 6.

(c) Find the maximum speed of the particle in the interval 0 < ¢t < 6.

10.

The table gives the position of a kayak at selected times.

t(s) | z(m) | y(m)
0 2 —1
2 8 5
4 14 11
6 20 17

(a) Write down the position vector of the kayak at ¢ = 0.
(b) Find the average velocity vector over the interval 0 < ¢ < 6s.

(c) Write down the constant velocity vector of the kayak.
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Section B — Medium m (10 questions x 4 marks = 40 marks)
2 E
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¥ MEDIUM | [4 marks]

A hiking path has vector equationr = (;) +t (i’
at the point A(7, 0) km.

) ,t € R, where distances are in km. A ranger station is located

(a) Find the value of t at the point on the path closest to the ranger station. [2]

(b) Hence find the shortest distance from the ranger station to the path. [2]

P4 MEDIUM | [4 marks]

A particle P moves with velocity v(t) = (Qt; 1) ms—L. Att = 0, the position of P is r(0) = G’) m.
(a) Find the position vector r(t). [2]
(b) Find the distance of P from the origin when ¢ = 2. [2]

Score a 7 | ibmathtutordubai.com | Page 6



Mr. Ahmad | IB Math Tutor Al HL — Topic 3: Vectors & Kinematics
ibmathtutordubai.com Modelling with Vectors - Constant & Variable Velocity

Xy MEDIUM | [4 marks]

Two particles move along straight paths. Their position vectors are

r(t) =t (g) and ry(t) = (g) +1 (_11> ,

where ¢ is in seconds and distances in metres.
(a) Find the value of t at which the two particles are at the same position. [3]

(b) Write down the position vector of this point. [1]

2§ MEDIUM | [4 marks]

2 _
A particle moves so that its position vector at time ¢ seconds is r(¢) = (t a4 4t> metres. The graph shows the
speed |v| of the particle against time.
Speed of particle vs time
12 +
= 99
|
E 6
>
3 1 )
0 :
0 1 2 3 4 5 6
t (s)
(a) Find the velocity vector v(t). [1]
(b) Show that |v|? = 42 — 16t + 25. [1]
(c) Find the minimum speed of the particle and the value of ¢ at which it occurs. [2]
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&Y MEDIUM | [4 marks]

(sm t) ms~L. The ball is at the origin at ¢ = 0.
cost

A ball rolls so that its velocity at time ¢ seconds is v(t)

(a) Find the position vector r(t). [2]
(b) Find the displacement of the ball from the origin when t = . [1]

(c) Show that the speed of the ball is constant and equal to 1 ms~!. Hence find the total distance travelled
fromt=0tot = . [1]

LY MEDIUM | [4 marks]

The graph shows the velocity v (m s~!) of a particle moving along a straight line for 0 < t < 8.

Velocity of particle vs time

v(ms™1)
4 il e
2 i
t(s)
1 8
_2 -+
i4 -+
(a) Write down the velocity function as a piecewise expression. [1]
(b) Find the total displacement of the particle fromt¢ = 0tot = 8. (2]
(c) Find the total distance travelled fromt¢ = 0to ¢t = 8. [1]
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Y8 MEDIUM | [4 marks]

A particle P has constant acceleration a = _62> ms2. Att = 0, its velocity is v(0) = (é) ms~! and its
position is r(0) = (g) m.
(a) Find the velocity vector v(t). [1]
(b) Find the position vector r(t). [1]
(c) Find the values of t when the particle passes through the y-axis (x = 0). [2]
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LY MEDIUM | [4 marks]

1 2

A beam of light travels along the line with vector equationr = (0) +t (1) , Where distances are in metres. A
2 2

sensor is located at the point B(4, 1, 3).

(a) Show that the point on the beam closest to the sensor corresponds to ¢ = 1. [2]

(b) Find the shortest distance from the sensor to the beam of light. (2]

t4 MEDIUM | [4 marks]

At t = 0 hours, ship P is at position (8) km with velocity (i’) km h~!, and ship Q is at position (T) km with

velocity (;) kmh1.

(a) Write down the position vectors of ships P and Q at time ¢. [1]
(b) Find an expression for the vector from P to Q at time ¢. [1]
(c) Find the minimum distance between the two ships, to the nearest 0.1 km. [2]
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2\ MEDIUM | [4 marks]

. . 2
Two particles have velocity vectors v; = (g) ms!tandv, = (b) ms~!, where a and b are constants. The

particles move in perpendicular directions.
(a) Write down an equation relating a and b. [1]

(b) Given that a = 6, find the value of b. [1]

. - 1
(c) Particle 1 starts at position (

0) m. Find its position vector when ¢t = 2 s. [2]
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SectionC — Hard [BIXY (10 questions x 5 marks = 50 marks)
2 E

Scan me for help

21. [5 marks]

Two aircraft are in the same horizontal plane. At ¢ = 0 minutes, aircraft A is at (0, 0) km with velocity (2)

km min~1, and aircraft B is at (12, —2) km with velocity (4> km min—!. Aviation regulations require a minimum

separation of 5 km.

(a) Write down the position vectors of aircraft A and B at time ¢. [1]
(b) Show that [AB|2 = 17t2 — 100¢ + 148. [2]
(c) Find the time at which the aircraft are closest. [1]
(d) Determine whether the aviation regulation is satisfied at this time. Justify your answer. [1]
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22. [5 marks]

A particle moves so that its position vector at time ¢ seconds is r(t) = (i‘;?:;f) metres.
(a) Find the velocity vector v(t). [1]
(b) Find the acceleration vector a(t). [1]
(c) Show that the acceleration is always directed towards the origin and find its magnitude. [2]
(d) Find the distance travelled by the particle from¢ = 0to ¢t = /2. [1]

23. [5 marks]

Drone X has position vector r (t) = (I;) +t (i’) and drone Y has position vector ry () = (g) +t (_21>

where k is a constant, ¢ is in seconds, and distances in metres. The drones intercept (occupy the same position
at the same time).

(a) Find the value of k£ and the time T at which the drones intercept. [3]
(b) Write down the position vector of the interception point. [1]
(c) Find the angle between the velocity vectors of the two drones. [1]
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24. [5 marks]

1 2 4
Particle A has position vector r 4 (t) = (0) +t ( 1 ) and particle B has position vector rz(t) = (3) +

2 —1 0
1
t | —1 |, where pis a constant. The particles are closest to each other when ¢ = 1.
p
(a) Find an expression for |r,(t) — rz(t)|? in terms of ¢ and p. [2]
(b) Hence find the value of p. [2]
(c) Find the minimum distance between the particles. [1]

yI¥ HARD | GDC | [5 marks]

A particle moves so that its position vector at time ¢ seconds (¢t > 0) isr(t) = (t;’jj?.) metres.
(a) Find the velocity vector v(t). [1]
(b) Show that the speed of the particle is tv/4 + t2 ms~1. [1]
(c) Find the exact distance travelled fromt¢ =0tot = 3. [2]
(d) State one reason why the distance travelled is greater than the magnitude of the displacement. [1]
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26. [5 marks]

3 _
A particle moves so that its position at time ¢ > 0 seconds isr(t) = (t 42/2 t) metres.
(a) Find the velocity v(¢) and acceleration a(t) of the particle. [2]
(b) Show thata(t) - v(t) = t(2t> — 1). [1]
(c) Find the positive value of ¢ at which the acceleration is perpendicular to the velocity. [1]
(d) Find the speed of the particle at this time. Give your answer in exact form. [1]

27. [5 marks]

A ball is launched from the point (1, —1) m with velocity (2) ms~1, so its position at time ¢t > 0 sis r(t) =

1 . .
( i ) m. A circular boundary has equation 22 + y? = 25.

2t —1

(a) Show that |r()|? = 5t2 — 2t + 2. [1]
(b) Find the time at which the ball crosses the boundary of the circular region. [2]
(c) Determine whether the ball is inside or outside the boundary when ¢ = 3. Justify your answer. [1]
(d) Write down the coordinates of the point where the ball crosses the boundary. [1]
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28. [5 marks]

Particle P has position vector rp(t) = G) +t (‘?) and particle Q has position vector r (1) = (g) +t (;) ,

where p is a positive constant. At t = 1, both particles are the same distance from the origin.

(a) Write expressions for |rp(1)[ and [r,,(1)]? in terms of p. [2]
(b) Hence find the value of p. [2]
(c) Find the distance of each particle from the origin when ¢ = 1. [1]

29. [5 marks]

A particle moves so that its position vector at time ¢ seconds (t > 0) is r(t) = (25/3) metres.
(a) Find the velocity vector v(t). [1]
(b) Show that the speed is 2tv/1 4+ t2 ms~1. [1]
(c) Using the substitution © = 1 + t2, find the exact distance travelled from ¢t = 0 tot = 2. Express your
answer in the form k(5+/5 — 1) for rational k. [2]
(d) Write down the numerical value of this distance, correct to 3 significant figures. [1]
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30. [5 marks]

Particle A has position vector r , (t) = G) +t (g) and particle B has position vector rz(t) = (_52> (_bl> ;

where a and b are positive constants. The particles intercept at time ¢t = T'. It is also given that b = 2a.

(a) By setting the position vectors equal and using b = 2a, show that ¢ = 4 and find the value of T'. [3]
(b) Find the position vector of the point of interception. [1]
(c) Find the angle between the velocity vectors of the two particles. [1]
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Worked Solutions

M=Method A=Accuracy R=Reasoning AG =Answer Given (no mark)

Section A — Easy

Q1 — Constant Velocity: Position & Speed EASY

243t
(a)r(t):(5_t) Al
(b) Speed = |v| = /32 + (—1)2 = /10 ~ 3.16 ms~* Al
_(24+12\ (14
(c)r(4)—<5_4>—<1>m Al
Q2 — Displacement Vector & Unit Vector EASY

. 4
(QQPQ=Q—P=| -1 Al

2
b)PQ=v16+1+4=+21~458m M1A1

4
(c) Unit vector = L -1 Al
V2t \

Q3 — Velocity from Two Positions EASY

6)-(F) (&)

3 7 —4 2 i

(a) v = 1 == = (_1) km h M1A1
(b) z(t) = =3+ 2t =9 = 2t =12 = ¢ = 6 hours Al
Q4 — Velocity by Differentiation EASY
(a)v(t) = <6t> Al

4

(b) Speed at t = 1: |v(1)| = |(6,4)| = v/36 + 16 = v/52 = 2\/13 ~ 7.2l ms~! M1A1
(c)6t=6=t=1s Al
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Q5 — Position by Integration EASY
2t + ¢y (1N _
(a) Integrate: r(t) = (3252/2 g ) Apply r(0) = (_2). cp=1c=-2 M1
25 = 1l
7 7
(br(3) = (27/2 2) <11.5> m Al

Q6 — Perpendicular Velocities EASY

(@v, vy =03)(—4)+ (4)(3) =—-12+12=0 Al (AG)
(b) The two drones are moving in perpendicular directions. R1
(c) Speed of Drone A= [(3,4)| = v/9+ 16 = 5ms? Al

Q7 — Constant Acceleration EASY

5—t

(a)v(t) = <_2 n 3t) Al
(b) 2+4+3t=0=t=2s A1
(v(2) = ( 2/3> (13/3); speed = &3 ~ 4.33ms™! M1A1

Q8 — Circular Motion & Constant Speed EASY

—bsint

(a) v(t) = < 5cost ) B
(b) |v|2 = 25sin°t + 25 cos2t = 25(sin’t + cos2t) = 25, so |[v| = 5 ms~! (constant). M1A1 (AG)
(c) The particle traces a circle of radius 5 m centred at the origin. Al

Q9 — 1D Kinematics: Displacement & Max Speed EASY

(a) s(t) = [(6t —t?)dt = 3t* — § (s(0) = 0, so no constant) M1A1
(b) 5(6) = 3(36) — 72 = 108 — 72 = 36 m A1
(v (t)=6—2t=0=1t=3; v(3)=18—9=9ms ! (maxspeed) M1A1
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Q10 — Position from Table EASY

(a) r(0) = (_21> m A1
()

(b) Average velocity = e g 1) = 168 = (g) ms~! M1A1

(c) Constant velocity = (g) ms~!  (confirmed by uniform spacing in table) Al

Section B — Medium

Q11 — Shortest Distance to a Line  MEDIUM

(a) Point on path: r(t) = (1 + 3t, 2+ t). Vector to A: (6 — 3t, —2 —t).

Perpendicularity condition: (6 —3t, =2 —¢) - (3,1) =0 M1
36—3t)+1(—2—¢)=18—9t—2—t=16—10t=0=>¢t = 1.6 Al
(b) Foot of perpendicular: r(1.6) = (5.8, 3.6).

Distance = |(7 — 5.8, 0 — 3.6)| = |(1.2, —3.6)| = v/1.44 + 12.96 = v/14.4 ~ 3.79 km M1A1

Q12 — Integration to Find Position MEDIUM

2 —t
(a)r(t) = ( ot +—ic_201>' Apply r(0) = (i’) ;=3 +cy=1=¢c,=0 M1
>
(1) = (t ei+3> A1A1
(b) r(2) = (4 ot 3) — (;); Ir(2)| = V25 + &1 ~ v/Z5 F 54.60 ~ 8.92m M1A1

Q13 — Particle Interception MEDIUM

(a) Setry(t) = ry(t):

3 =44+t=>2t=4=>1t=2 M1
Check y: 1y, (2) =2(2) =4; 1y, (2) =6—-2=40 M1A1
t=2s

(b) r, (2) = (2) m A1
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Q14 — Speed Function & Minimum | MEDIUM
(a)v(t) = <2t3_4> A1l
(b) [v|]2 = (2t — 4)% + 9 = 442 — 16t + 16 + 9 = 4t — 16t + 25 M1A1 (AG)
(c) Minimise: 4 (42 — 16t +25) =8t — 16 =0 =t =25 M1
Min speed = \/4(4) —32+25 =9 =3ms! Al
Q15 — Trig Velocity: Distance vs Displacement MEDIUM
_ [—cost+ ¢ _(0y .
(a)r(t) = ( sint+ ¢, ) Apply r(0) = (0> ci=1¢c=0 M1
1 —cost
r(t) = ( cint ) Al1A1
1—(-1) 2 .
(b) r(m) = 0 =gl |displacement| = 2 m Al
(c) [v|]? = sin’t 4 cos?t = 1, so speed = 1 ms~! (constant). Distance = 1 x 7 = 7 ~ 3.14 m M1A1

Q16 — Piecewise Velocity: Displacement & Distance MEDIUM

4—-2t 0<t<4
(@) v(t) = - = Al
2t—12 4<t<8
(b) Displacement = f04(4 —2t)dt + f48(2t —12)dt = [4t — 23 + [t? — 12¢]3 M1
=(16—16—0)+ (64—96—16+48)=0+0=0m M1A1
(c)v=0att=2andt = 6. Distance = |[4t — t2]3| + |[4t — t2]3] + |[t> — 12¢]5| + |[t> — 12¢]§] M1
=44+44+44+4=16m Al
Q17 — Constant Acceleration in 2D MEDIUM
- (146t
(a) v(t) = v(0) + ta = (5 N 2t) Al
B (0 t+3t2\ [ t+3t?
(b) r(t) =r(0) + [vdt = (2> + <5t_t2> = <2+5t_t2> M1A1
(©oz=0:t+32=0=t(1+3t)=0=t=00rt=—% M1
Only t = 0 satisfies t > 0. The particle starts on the y-axis and does not return to it. A1R1
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Q18 — Shortest Distance in 3D MEDIUM

(a)Att =1:r(1) = (3,1,4). Vectorto B: (4—3,1—1,3—4)= (1,0, —1) M1
Check: (1,0,—1) - (2,1,2) =2+ 0 — 2 = 0, so perpendicular holds at ¢ = 1. M1A1 (AG)
(b) Distance = |(1,0,—1)] = VI +0+1=+v2~141m M1A1

Q19 — Minimum Distance Between Moving Ships MEDIUM

_(3t). {10+t
(a)rp(t)—<t>, ro(t) = (4+3t) Al
— 10 — 2t
(b) PQ(t) =rg —rp = (4+2t) M1A1
(c) [PQ|? = (10 — 2¢)% + (4 + 2t)? = 8t> — 24t + 116. Setting & = 0: 16t —24 =0 =t = 3 M1
Min distance = /8(9/4) — 36 + 116 = v/98 = 7v/2 ~ 9.9 km A1l

Q20 — Perpendicular Velocities & Position MEDIUM

‘ r

(a)vy vy, =0:2a+3b=0 M1A1
(b)2(6) +3b=0=b=—4 Al

(cr (2) = (é) + 2 (g) = (163> m M1A1

Section C — Hard

Q21 — Aircraft Closest Approach & Safety Decision HARD

J

(5, (124t
(a)ry(t) = <3t>’ rg(t) = (—2+4t> Al
—— 4t — 12
(b) AB(t) =r, —rg = (—t+2) M1
|/TB|2 = (4t —12)2 + (—t +2)2 = 16t% — 96t + 144 + t% — 4t + 4 = 17t2 — 100t + 148 M1A1 (AG)
(c) 4(17t% — 100t + 148) = 34t — 100 = 0 = ¢ = 52 ~ 2.94 min A1
(d) |Z§|2 —17. % 100 - i)_(; 1148 = 42500783280+42772 _ % M1
|AB| = /272/289 = 21T ~ 0.970 km < 5 km Al
The regulation is violated: the separation is only ~ 0.970 km, which is less than 5 km. R1
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Q22 — Circular Motion: Acceleration Toward Origin HARD

—8sin 2t

(a) v(t) = < 8 cos 2t ) Al
—16 cos 2t

8l = (—16 sin 2t> Al

(c) a(t) = —16(cos 2t, sin2t) = —4 - 4(cos 2t, sin2t) = —4r(t) M1

Since a = —4r, the acceleration points opposite to r, i.e. towards the origin. A1l (AG)

Magnitude: |a| = 4|r| =4 x 4 = 16 ms 2 Al

(d) Speed = |v| = V/64sin® 2t + 64 cos? 2t = 8 ms ™. Distance = 8 x T =4r~12.6m M1A1

Q23 — Interception with Unknown Parameter HARD

(a) Setry(T) =1y (T):

v k+3T=2T=k=-T .. M1

v:24+T=5—-T=2T=3=T=15s M1A1

From(i): k= —1.5m Al
_ (-15+45) (3

(b) rx(1.5) = ( 2+ 1.5 ) = (3.5) m Al
3 2 (3)(2) + (1)(-1) 5 1

C)Vy = ,Vy = .cosf = = = — M1

v = (7)ow = (2) VIO-v5 VRV

0 = 45° Al

Q24 — Unknown Parameter from Closest-Approach Condition HARD

(@) d(t) =r, —rg = (—3,-3,2) + t(1,2,—1 —p) M1
ld? = (=3 +1)2+ (—3+2t)> + (2— (1 + p)t)?

=05+ 1+p)?)t2— (18 +4(1 +p))t + 22 M1A1A1
(b) Minimise at ¢ = 1: & |d|*|_ =0 M1
2(5+ (1+p)?) — (18 +4(1 +p)) =0.Letg=1+p:

2¢° —4¢—8=0=>¢*—2—4=0=>q¢=14++5 M1
p=q—1=+v5~224 Al
(c)d(1) = (—2,—1,1 — +/5). Min distance = \/4 +1+(1—5)2=1/11-2/5~255m M1A1

Q25 — Arc Length by Substitution HARD

Al

(b) |v|? = 4t? + t* = t?(4 + t?), s0 |v| = tv/4 + 2 (for t > 0) M1A1 (AG)
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8
(c) Distance = / tV4+t2dt. Letu =4+ 12, du = 2t dt:
0

13 3/2 13 _
_ / Vi g — [“_] _ D=8
4 4

2 3 3

M1M1A1
(d) The particle travels a curved path, so the arc length exceeds the straight-line distance between start and end
points. R1

Q26 — Acceleration Perpendicular to Velocity HARD
2 _
(@) v(t) = <t ’ 1); a(t) = (21t> A1A1
(b)a-v=(2t)(t>—1)+ (1)(t) =2t3 -2t +t =23 —t = t(2t> — 1) M1A1 (AG)
(22 —1) =0,t>0: 262 = 1 =t = J5 = ¥ s A1
1/2—1 —1/2 V3
1 = = g = = = — -1
(d)v(\/ﬁ) ( 1/\/§> (1/\@) speed = /1/44+1/ V3/ 5 ms—* (exact) M1A1
Q27 — Particle Crossing a Circular Boundary HARD
@IrOP=0t+1)2+2t—1)2=12+2t+1+4t2 — 4t +1=5t2 -2t +2 M1A1 (AG)
(b)5t2 — 2t +2=25=5t2—2t—23 =0 M1
2+ v4+460 2++464 2+21.54
= a + _ it ~ + ~ 2.35s M1A1
10 10 10

(c) [r(3)|> = 45 — 6 + 2 = 41 > 25, so the ball is outside the boundary at ¢ = 3. M1R1
(d) At ¢t ~ 2.354: coordinates ~ (3.35, 3.71) m Al

Q28 — Equal Distance from Origin HARD

J

(@) rp(1) = <1 :,;p): rp(D2=1+p)2+9 M1A1
8

ro(l) = (p): Iro(1)]? = 64 4 p? A1

B)(1+p)?+9=64+p>=>1+2p+p?+9=64+p?>=2p=54=p=27 M1A1

(c) [rp(1)> = (28)% + 9 =793; distance = /793 ~ 28.2m M1A1
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Q29 — Exact Arc Length via Substitution HARD

2t
@vi = () a1
(b) |v|? = 4t + 4t* = 4t2(1 + t2), so |v| = 2t\/1 + 2 (for t > 0) M1A1 (AG)

2
(c) Distance = / 2t/ 1+ t2dt. Letu =1+ t2, du = 2t dt:
0

5 2321° 2 2
:/ ﬁdu:[ ] = (67 -1)=3(5v5-1)
| 3 |, 3 3
2
Sok = <. M1M1A1

(d) 2(5 X 2.236 — 1) &~

[SCRN )

(10.18) ~ 6.79 m A1

Q30 — Interception with Two Unknowns HARD

(a) Setr,(T) =rg(T):

2:24al=5-T=T@+1)=3 ..0i) M1
y: 1437 =—=2+bT=T(b—3)=3 ..(ii) M1
From () &(i):a+1=b—-3=b=a+4.Withb=2a:2a =a+4=a=14 Al
Substitute in (i): T(5) =3 =T =0.6s A1 (AG shown)
2 4 4.4
(b)r,(0.6) = <1> +0.6 <3) = (2.8> m M1A1
4 —1
(v, = 3),VB:(8).|VA|:5,|VB|:\/@ M1
cosf = WED + B)(E) = el = 4 ;0= arccos(%) ~ 60.3° Al
5v/65 5vV65 /65 65

Common Mistakes to Avoid

1. Distance vs displacement. Distance = [ |v| dt (always positive). Displacement = r(t,) —r(¢;) (can be
zero or negative). Never substitute displacement for distance.

2. Constant of integration. When integrating v(¢) to find r(t), always apply the initial condition r(0) to
find both constants ¢, and ¢, separately.

3. Speed +# velocity component. Speed is [v| = | /vZ + vZ. Setting v, = 0 alone does not make speed
zero — both components must be zero for a 2D particle to be at rest.

4. Closest approach. Minimise |r; —r,|? (not |r, —r,|) for easier algebra. Check the second derivative or
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plot to confirm it is a minimum, not a maximum.

5. “Show that” questions. Write every algebraic step explicitly. The final printed answer carries no mark
(AG) — the mark is on the preceding justified line.

6. Domain restriction. When solving for time, discard negative values of ¢ unless the question explicitly
allows ¢t < 0.

End of Worksheet — Total: 120 marks
Mr. Ahmad - IB Math Tutor - ibmathtutordubai.com

Score a 7 | ibmathtutordubai.com | Page 26



