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Polynomial Division - Factor & Remainder Theorem - Graphs & Roots - Sum &
Product of Roots

Difficulty | MEDIUM Jill HARD |

Questions 10 10 10
Total Marks 30 40 50
Scan me for help
Name: Date:
Score: /120

Instructions: Answer all questions. Show all working. Give answers correct to 3 significant figures unless stated
otherwise. Each question states whether a calculator is permitted.

El2

Scan me for help

Key Formulae

¢ Polynomial Division: f(z) = d(x)-q(x)+r(x), where degr < degd. Write theresultas f(x)+d(z) =

r(z)
q(x) + m

e Remainder Theorem: The remainder when f(x) is divided by (x — a) equals f(a).

e Factor Theorem: (z — a) is a factor of f(z) if and only if f(a) = 0.

b
e Vieta’s Formulae for az? + bz? + cx +d = 0 (roots o, B,7): a4+ B+ v = 0 aB+ay+ By = g,

d
afy=——.
a
b
o Vieta’s Formulae for az* + ba® + ca? + dz + e = 0 (roots @, 8,7,0): S a = ——, Saf = <,
a a

d e
Yapy=——afyl=—.

1

e Symmetric expressions without solving: >~ a? = (3 «a)? — 2> afB; > — = & (for cubics).
a o«

af

By

e Complex roots in real-coefficient polynomials: non-real roots occur in conjugate pairs z and z; the cor-
responding quadratic factor is (x — 2)(z — z) = 22 — 2Re(2) z + |2|?.
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e Finding roots numerically: enter y; = f(z) and use Zero (TI) or Root (Casio) to locate each z-intercept
to 3 s.f.; confirm sign changes in the Table first.

e Verifying a factor: substitute the value directly using Store or the Table feature; f(a) = 0 confirms
(x — a) is a factor without long division.

e Counting real roots before algebra: graph y = f(z) and count z-intercepts; use Zoom Fit to see all
turning points, especially for quartics that may have 2 or 4 real roots.

e Solving polynomial models: for volume or profit problems, graph both sides of the equation and use
Intersect to find solutions; always check whether solutions satisfy domain restrictions in context.

e Checking Vieta results numerically: after using Vieta formulae symbolically, verify by computing > «,
>~ a3 etc. from the decimal roots obtained via Zero on the GDC.

e Unknown coefficients from conditions: set up the equation f(a) = k symbolically, then use Solve or
graph y = f(a) — k as a function of the unknown coefficient to find the value.

Common Mistakes to Avoid

1. Wrong sign in Vieta’s sum. For ax® + bx? + cx + d, the sum of roots is —b/a, not +b/a. Always check:
the sign alternates with each Vieta formula.

2. Wrong sign in Vieta's product. The product of roots of a cubic is —d/a, not +d/a. The pair-sum c¢/a
is the only Vieta formula with no leading minus sign.

3. Solving the polynomial when “hence” forbids it. If a Vieta question says “hence find Y a”, you must
use (3" a)?—2 3" ap; solving for the roots and squaring them earns method marks only, not full credit.

4. Remainder vs. factor confusion. The remainder theorem gives f(a) as the remainder; for (z — a) to
be a factor you additionally need f(a) = 0. Setting f(a) = remainder when asked for a factor is a
common error.

5. Repeated roots drawn as crossings. A root of even multiplicity means the graph touches the z-axis
and turns back; drawing it as a crossing loses the sketch mark. State the multiplicity explicitly alongside
the factor.

6. Forgetting the conjugate root. If a real-coefficient polynomial has a complex root a + bi, then a — bi is
also a root. Omitting the conjugate gives the wrong degree or wrong remaining factor when dividing
out.
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Section A — Easy EASY (10 questions x 3 marks = 30 marks)
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iW EASY | No Calculator

[3 marks]

Let f(z) = 2% — 222 — 52 + 6, where x € R. Use the remainder theorem to find the remainder when f(x) is

divided by (z — 3).

8 EASY | Calculator |

[3 marks]

Let p(x) = 223 + 322 — 11z — 6, where z € R. Given that (z — 2) is a factor of p(z), write down the value of

p(2). Hence find the value of p(—3).

XM EASY | No Calculator

[3 marks]

The polynomial f(z) = 2 + az? — Tz + 3, where a € R, has a remainder of 9 when divided by (z — 2). Find

the value of a.
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‘M EASY ] Calculator [3 marks]

Let f(z) = 2® — 422 + x + 6, where 2 € R. The diagram below shows the graph of y = f(x).
Yy
(0,6)
\ (37 (M i
\/
(2,0)

Write down all three roots of f(x) = 0 and state the y-intercept of the graph.

LM EASY | No Calculator [3 marks]

The cubic polynomial ¢(z) = 23 — 622 + 11z — 6, where = € R, has roots o, 3, and ~. Without solving the
equation, find the values of a + 3 4+ v and a37.

‘M EASY | Calculator [3 marks]

Let g(x) = 23 + 522 — 22 — 24, where z € R. Use a GDC to find all real roots of g(x) = 0, giving your answers
to 3 significant figures where appropriate.
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YAl EASY | Calculator [3 marks]

The polynomial f(z) = x3 + bx + 2, where b € R, is exactly divisible by (z + 1). Find the value of b.

M EASY | No Calculator [3 marks]

Divide f(z) = 22% — 2% — 13z — 6 by (x — 3). Write down the quotient and remainder.

Al EASY | Calculator [3 marks]

The polynomial h(z) = 2% — 322 — 4z + 12, where € R. The diagram below shows part of the graph of
y = h(x).

Y
(0s12)
GOy,
N~
(_ ’ O) (27 0)
Given that (z — 3) is a factor of h(z), write down the fully factorised form of h(z) and verify that x = —2is

also a root.
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(VW EASY ]| Calculator [3 marks]

The quartic polynomial p(z) = x* — 523 + 522 + 5z — 6, where = € R, has four roots «, 3,7, §. Without solving
the equation, find the value of a3vJ. Use a GDC to verify your answer by finding all four roots numerically.
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Section B — Medium  [IYJINIIIYH (10 questions x 4 marks = 40 marks)

Scan me for help

st MEDIUM | No Calculator [4 marks]

Let f(z) = 223 — 522 + ax + b, where a,b € R. When f(x) is divided by (z — 3), the remainder is 10. When
f(z) is divided by (z + 1), the remainder is —18. Find the values of a and b.

VM MEDIUM | No Calculator [4 marks]

Let p(z) = 23 — 42 4+ = + 6. Itis given that (z — 2) is a factor of p(x).
(a) Write p(x) as a product of three linear factors. [2]

(b) Hence sketch the graph of y = p(x), labelling all z-intercepts and the y-intercept with their coordinates.
(2]

(0,6)

wa
~—_

(-1,0) (2,0)
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k¥ MEDIUM | Calculator [4 marks]

The polynomial g(z) = 23 + px? + qx — 8, where p, ¢ € R, has roots a, 3, and . Given that a + 3 +~v = —3
and af + avy + By = —2, find the values of p and ¢, and hence find a3~.

"% MEDIUM | No Calculator [4 marks]

Let h(z) = 323 + 222 — Tz + 2. Use polynomial long division to divide h(z) by (x + 2), and hence write h(z)
as a product of a linear and a quadratic factor.

L8 MEDIUM | Calculator [4 marks]

The roots of the cubic equation 23 — 622 + 11z — 6 = 0 are o, 3, and -y, where o, 3,7 € R.

(a) Without solving the equation, find the value of a? + 32 + ~2. [2]
1 1 1

(b) Without solving the equation, find the value of — + B + —. [2]
o v
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A MEDIUM | Calculator [4 marks]

A polynomial is defined by f(x) = 2* — 723 + 1822 — 22z + 12, x € R. Given that z = 1 + i is a root of f(z),
where i2 = —1, find all the roots of f(x).

VAl MEDIUM | Calculator [4 marks]

The cubic polynomial f(x) = x® + 22 — 5z + 3 can be written in the form (z — a)?(x — b) for some a,b € R.

(a) Find the values of @ and b. [2]
(b) Sketch the graph of y = f(x), labelling all intercepts with the axes. [2]
Yy
(0,3)
\ )
(—8,0) (1,0) touch

xEM MEDIUM | Calculator [4 marks]

The roots of 223 — 322 — 112 + 6 = 0 are o, 3, and 7. A new cubic equation has roots 2a, 23, and 2. Find this
new cubic equation, giving your answer in the form 22 + px? + gz +r = O where p, q,r € R.
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(8 MEDIUM | Calculator [4 marks]

Let f(z) = 23 — 222 — bz + k, where k € R. The graph of y = f(z) is shown below, and it crosses the z-axis at
r=—2,x =r,and x = s, where r and s are positive.

(0, k)

Find the value of k, and the values of r and s.

z MEDIUM | [4 marks]
When f(z) = 2 + cx? + 5z + d is divided by (x — 4), the remainder is 93. When f(x) is divided by (z — 1),
the remainder is 12. Find the remainder when f(x) is divided by (z — 2).
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SectionC — Hard  [EEG (10 questions x 5 marks = 50 marks)
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AW HARD | No Calculator [5 marks]
Let f(z) = 223 + ax?® + bz — 12, where a, b € R. When f(z) is divided by (x — 3), the remainder is 42. When
f(z) is divided by (z + 2), the remainder is —8. Find the values of a and b.

b8 HARD | Calculator [5 marks]

Let p(z) = 2* — 223 + ka? + 8z + 12, where k € R. Itis known that (z — 2) is a factor of p(x).
(a) Find the value of k. [2]

(b) Hence fully factorise p(x) over R. [3]
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yX8 HARD | No Calculator [5 marks]

The cubic polynomial f(x) = 2 + pz? + qz + r, where p, ¢, r € R, has roots a, 3, and 7.
1 1 1
Giventhata+ 8+ v = =3, af + 8y + ya = —1, and a5y = 5, find the value of — + 3 + — and the value
« Y
of a? + B2 + 42, without finding the roots of f(z).

pZW HARD | Calculator [5 marks]

A polynomial is defined by g(z) = 3zt — 423 — 2022 + 92 + ¢, where ¢ € R. The diagram shows a sketch of part
of the graph of y = g(z).

29 / o)

The graph crosses the z-axis at x = —2 and x = 3, and has y-intercept (0, 18).
(a) Write down the value of c. [1]

(b) Show that g(z) = (z + 2)(x — 3) (322 — z — 3). [4]
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yI¥ HARD | No Calculator [5 marks]

65
The equation 222 — 922 + kx + 3 = 0, where k € R, has roots o, 3, and 7. Given that o? + 3% +~2 = K find

the value of k.

b8 HARD | Calculator [5 marks]

The cubic equation 22 — 622 + 13z — 10 = 0 has one real root and two complex roots.
(a) Show that z = 2 is the real root. [1]

(b) Find the two complex roots, giving your answers in the form a + bi, where a, b € R. [4]
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vYM HARD | Calculator [5 marks]

Let h(x) = 23 — 42® — Tz + d, where d € R. Given that x = 1 — 2+/3 is a root of h(z), find all roots of h(z)
and hence find the value of d. The diagram shows a sketch of y = h(x).

39)
\ /.
70 ( ' ) )

Y
(—2/46,0) (2\/46 0

yI M HARD | Calculator [5 marks]

The quartic ¢(z) = z* + 323 — 522 + ax + b, where a, b € R, has roots «, 3, 7, §. Given that a3y = —12 and
afy + aBfd + ayd + Byd = 7, find the values of a and b.
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vI’B HARD | Calculator [5 marks]

The polynomial f(z) = 2% — 322 — 13z + 15 has three real roots. A new polynomial g(t) has roots 2o — 1,
23 —1,and 2y — 1, where «, 3,y are the roots of f(z).

1
, or otherwise, find g(t) in the form 3 + pt? +qt +r, where p, ¢, 7 € R.

t
(a) By usingthe substitution z = +
(4]

(b) Write down the sum of the roots of g(t). [1]

KM HARD | No Calculator [5 marks]

1
Show that |z — 3 is not a factor of f(z) = 423 + 622 — 8z + 3. Hence, by performing polynomial long

division of f(x) by (2z — 1), find the quotient and the remainder, and use these to express f(z) in the form
(2x — 1)Q(x) + R, where Q(x) is a quadraticand R € R.
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Mark Schemes

Q1 — Remainder Theorem Evaluation EASY

Substitute x = 3into f(z): M1
f(3)=33—-2(3)2—-513)+6=27T—18—15+6 (A1)
Remainder = 0 Al

Q2 — Factor Theorem and Evaluation EASY
Since (z — 2) is a factor, p(2) = 0 Al
Evaluate p(—3): p(—3) = 2(—3)3 + 3(—3)2 — 11(—3) — 6 M1
=—-544+27T+33—-6=0 Al
Note: Award M1 for a correct substitution of x = —3; A1 for the value 0.

Q3 — Unknown Coefficient via Remainder Theorem EASY
Apply the remainder theorem: f(2) =9 M1
22 4+a(2)?—-72)+3=9 = 8+4a—14+3=9 Al
4a—3=9 = a=3 Al

Q4 — Reading Roots and Intercept from a Graph EASY
Roots: x = -1,z =2, =3 Al
Note: Award A1 for all three roots correct.
y-intercept: (0,6) Al
Verify: f(0)=0—-04+0+6=6 A1l
Note: Award the third A1 for correct verification or explicit statement of the y-intercept value 6.

Q5 — Vieta’s Formulae for a Cubic EASY
For ¢(z) = 23 — 622 + 11z — 6, by Vieta’s formulae: M1

—6
—6

Note: For axz® + bx? + cx + d, sum of roots = —b/a and product of roots = —d /a. Both signs must be
correct.

Score a 7 | ibmathtutordubai.com | Page 16



Mr. Ahmad | IB Math Tutor AA HL — Topic 2: Functions

ibmathtutordubai.com Polynomial Functions
Q6 — GDC Roots of a Cubic EASY
Using GDC, graph y = 23 + 522 — 22 — 24 and find zeros: M1
Roots found: x = —4.00, z = —3.00, z = 2.00 (A1)
r=—-4 x=-3, =2 Al

Note: All three roots are integers; the GDC gives exact values. Verify: (—4)3 + 5(—4)2 — 2(—4) — 24 =
—64+80+8—24 = 0; (—3)3+5(—3)2—2(—3)—24 = —27+45+6—24 = 0; 22 +5(2)2—2(2) —24 =
8 + 20 — 4 — 24 = 0. Award A1 for all three correct.

Q7 — Coefficient via Factor Theorem EASY

Since (z + 1) is a factor, f(—1) = 0: M1
(=13 +b(-1)+2=0 = —1—-b+2=0 A1l
1-b=0 = b=1 Al
Q8 — Polynomial Long Division EASY
Perform long division of 223 — 22 — 13z — 6 by (z — 3): M1
223 — 22 — 13z — 6= (z—3)(2z2 + 5z +2) + 0

Quotient = 222 + 5z + 2 Al
Remainder = 0 Al
Note: Award M1 for correct first step of division giving 2x2. Award A1 for the correct full quotient, A1 for
remainder 0.

Q9 — Full Factorisation from a Given Factor EASY

Since (z — 3) is a factor, divide: h(z) = (z — 3)(z? — 4) M1
h(z)=(z—3)(z—2)(z+2) Al
Verify & = —2: h(—2) = (=2 — 3)(—2 — 2)(—2 + 2) = (—5)(—4)(0) = 0 v/ Al

Note: Award M1 for obtaining the quadratic factor by inspection or division. Award A1 for fully factorised
form. Award A1 for explicit verification that h(—2) = 0.

Q10 — Vieta Product for a Quartic EASY

For p(z) = 2* — 523 + 522 + 5z — 6, by Vieta’s formulae: M1
—6
afyd = q = —6 (product of roots of z* + ... + d equals d/a) Al
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GDC gives roots x = —1, 1,2, 3; product = (—1)(1)(2)(3) = —6 v Al
Note: For z* + baz® + cx? + dx + e, the product of all four roots equals e /a. Here e = —6, a = 1, so the

product is —6. Award final A1 for correct GDC roots with product verified.

Q11 — Simultaneous Equations from the Remainder Theorem MEDIUM

Using the remainder theorem: f(3) = 10 and f(—1) = —18.
fB)=2(27)—509)+3a+b=54—45+3a+b=9+3a+b=10 M1
So3da+b=1 Al
f-1)=2(-1)-5(1)4+a(-1)+b=-—2—-5—a+b=—T—a+b=-18
So—a+b=-11 Al
Subtracting: 4a = 12, givinga = 3 and b = —8 Al
Q12 — Full Factorisation and Sketch ' MEDIUM
(a) Since (x — 2) is a factor, divide p(z) = 23 — 422 + 2 + 6 by (x — 2): M1
p(z) = (x —2)(2? — 22— 3) = (x — 2)(x — 3)(z + 1) Al
(b) Roots at z = —1, x = 2, x = 3 labelled; y-intercept (0, 6) labelled; correct end behaviour (rising to
~+00, falling to —o0). A1A1
Note: Award A1 for all intercepts correctly labelled and A1 for correct end behaviour with no extra cross-
ings.
Q13 — Vieta’s Formulae for a Cubic  MEDIUM
For g(x) = 23 + px? + qx — 8, by Vieta’s formulae: M1
aft+ay+pPy=q=-2 = qg=-2 Al
afy = —_TS =8 Al
Note: Signs in Vieta: for x® + px? + qx + r, sum = —p, pair-sum = q, product = —r.

Q14 — Polynomial Long Division of a Cubic MEDIUM

Dividing 322 + 222 — Tz + 2 by (z + 2): M1
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323 +22%2 —Tx + 2 = (z + 2)(32?) + (—42? — Tz + 2)
= (z 4+ 2)(32°) + (z + 2)(—4z) + (z + 2)
=(z+2)(322 — 4z +1)

M1

Quotient confirmed: 322 — 4z + 1 with zero remainder Al
h(z) = (x +2)(3z% — 4z + 1) Al
Note: Full long division working must be shown line by line for both M marks.

Q15 — Symmetric Functions of Roots MEDIUM
(a) By Vieta’s formulae for 23 — 622 + 11z — 6 = 0: M1
at+pf+7=6 af+ay+py=11
2+ 82+ =(a+B+79)2—2(af+ay+By) =36—22=14 A1l
(b) a8y = 6 (Vieta: product = __T =0) M1
1 1 1 oft+ay+py 11
a By By 5 (511/6)

Q16 — Complex Roots of a Real Quartic MEDIUM
Since f(x) has real coefficients and 1 + i is a root, its conjugate 1 — i is also a root. R1
The quadratic factor from this pair: (z — (1 +i))(z — (1 —i)) = (x — 1) + 1 = 2% — 22 + 2 A1l
Dividing f(z) = 2% — 723 + 1822 — 222 + 12 by (2% — 22 + 2): M1

f(z) = (2® — 22 + 2)(2® — 5z + 6)

Factorising the quotient: 22 — 52 + 6 = (x — 2)(z — 3), so the remaining roots are x = 2 and 2 = 3. Al
Roots: z =1+14, 1 —1, 2, 3 Al
Note: Award R1 only if a reason is stated (real coefficients imply conjugate pair). Verify: f(1 + i) = 0 by
direct substitution.

Q17 — Repeated Root Factorisation and Sketch  MEDIUM

(a) Testingz =1: f(1)=14+1—5+3=0,s0 (z — 1) is a factor. M1
Dividing: f(z) = (z —1)(z®>+ 22z —3) = (z —1)(z — 1)(z + 3) = (x — 1)%(z + 3)
Soa=1,b=-3 Al

(b) z-intercepts: (1, 0) (touch, double root) and (—3, 0) (cross) labelled; y-intercept (0, 3) labelled; correct
end behaviour. A1A1
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Note: Award A1 for intercepts correctly labelled including the touch at x+ = 1, and A1 for correct end
behaviour.

Q18 — New Cubic via Root Transformation MEDIUM

For 223 — 322 — 11z + 6 = 0, by Vieta’s formulae: M1
at+fB+y= g, af+oay+ By = %, a,B*y:—g =-3

For roots 2a, 23, 2:

Sum=2(a+p+7) =3 A1l
Pair-sum = 4(a8 + ay + By) = —22

Product = 8afy = —24 Al
New equation: 22 — 322 — 222 +24 =0 A1l
Note: Vieta signs for 223 — 322 — 11z + 6: sum = —(—3)/2 = 3/2, pair-sum = —11/2, product =
—6/2 = —3.

Q19 — Finding k and Roots from a Graph MEDIUM

Since x = —2isaroot: f(—2) = (—2)3 —2(-2)2 —5(-2)+k=-8—-8+10+k=k—6=0 M1

k=6 Al
So f(x) =a2® =222 —bx 4+ 6 = (x4 2)(2* — 4z + 3) M1
=(x+2)(x—1)(x —3),givingr=1ands =3 A1l

Note: GDC may be used to factorise after k is found; award M1 A1 for correct factorisation by any method.

Q20 — Remainder Theorem with Two Conditions MEDIUM

By the remainder theorem: f(4) = 93 and f(1) = 12. M1
f(4)=644+16c+20+d =84+ 16c+d =93 = 16c+d=9
f)=1+c+5+d=6+c+d=12 = c+d=6 Al
1 2
Subtracting: 15c =3 — ¢ = 5 d= Eg Al
1 29 4 29 33 123

2) =844 - 10+ —=184+-4+—=184+4 — = — (=123/5 Al
f(2) +<5>+ + - R e 5( /5)
Note: GDC may be used to solve the simultaneous equations; award A1 for each correct value of ¢ and d,
then A1 for the final remainder.
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Q21 — Simultaneous Equations from the Remainder Theorem HARD

Using the remainder theorem: f(3) =42 and f(—2) = —8.

f3)=2(27)4+9%+3b—12=54+9a+3b—12 =42+ 9a + 3b = 42 M1
So 9a + 3b = 0, giving 3a + b = 0. Al
f(=2)=2(—8)+4a—2b—12=—-16+4a—2b— 12 = —28 + 4a —2b = —8 M1
So 4a — 2b = 20, giving 2a — b = 10.

Adding: 5a = 10 — a = 2,thenb = —6. A1A1

Note: Award A1 A1 for both correct values; A1 AO for one correct value only.

Q22 — Factor Theorem then Full Factorisation HARD

(a)p(2) =0:16 — 16 + 4k + 16 + 12 =0 M1
dk+28=0 = k=-T7 Al
(b) With k = —7: p(z) = 2* — 22% — 72 + 8z + 12.

Divide by (z — 2) (GDC or long division): p(z) = (z — 2)(z3 — Tz — 6) M1

Testing integer factors of 6 in the cubic 23 — 72 — 6: = —1 gives —1 +7 — 6 = 0, 50 (x + 1) is a factor.
M1

Dividing: 23 — Tz —6 = (z + 1)(22 —2 — 6) = (z + 1)(z — 3)(z + 2) Al
p(z) =(r—2)(x+1)(x —3)(x +2) A1l
Note: Award final A1 A1 for the complete factorisation into four linear real factors. Verify: roots
2,—1,3,—2 all satisfy p(z) = 0.

Q23 — Vieta Symmetric Expressions HARD

Using Vieta's formulae: o + 8 +v = =3, a8 + By + yao = —1, affy = 5.

Sum of reciprocals:
1 1 1 pBytay+tap

=qp =dp = M1
a B By

S (= —1/5) A1
===

Sum of squares:

a2+ 82+ =(a+B+7)?—2(aB + By +ya) M1
=(=3)2-2(-1)=9+2=11 A1A1

Note: Award M1 for each correct identity stated and applied. Final A1 A1: one mark per correct numerical
answer. No marks if roots are found by solving the cubic.
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Q24 — Full Factorisation of a Quartic with Sketch HARD

(@) c=g(0) =18 Al
(b) Since z = —2 and = = 3 are roots, (z + 2)(z — 3) = 2% — x — 6 is a factor. M1
Perform long division of g(z) = 3z* — 423 — 2022 + 92 + 18 by 22 — x — 6: M1
3z + 2?2 =32%  32%(2? — 1 —6) = 32* — 32® — 1822; remainder —x® — 222 + 9z + 18

—x3 + 22 = —x; —z(2? — 2 —6) = —2% + 22 — 6x; remainder —3z2 + 3z + 18

—3z% 22 =-3; —3(2% —z —6) = —32% + 3z + 18; remainder 0 A1l

Quotient: 322 —x — 3,50 g(x) = (22 —2 — 6)(32% —x — 3) = (z + 2)(z — 3)(32% —x — 3) A1(AG)
Note: AG — final answer is given, so the last mark is for a fully correct, consistent long division confirming
zero remainder.

Q25 — Vieta with Sum of Squares HARD

For 223 — 922 + kx + 3 = 0, by Vieta’s formulae: M1
9 k 3
atfty=3 abtfytya=g, aby=—
Using the identity a2 + 82 + 72 = (a + B+ )% — 2(aB + By + vya): M1
65 (9)\° k\ 81
—=5) 25)=5—" A
81 65 16
_81_6 16 A1A1
& 4 4 4

Note: Award M1 M1 for correct Vieta expressions and correct identity; A1 A1 for correct computation and
final k = 4. Since k is the coefficient of x, it affects the pair-sum o3+ By +~ya = k/2 and hence genuinely
determines o + 3% + 2.

Q26 — Real Cubic with Complex Roots HARD

(@) f(2) =8—24+26—10=0 Al
So z = 2is a root. (AG)
(b) Divide 23 — 622 + 13z — 10 by ( — 2) (GDC or synthetic division): M1
23— 622 + 132z — 10 = (z — 2)(2? — 4z + 5)

Solve 22 — 4z + 5 = 0 using the quadratic formula: M1
$_4j:\/16—20_4j:\/—_4_4j:2i A1

2 2 2

r=2+4+diandxr=2—1 Al
Note: Final A1 A1 for both complex roots in the required form; award A1 AO if only one root stated without
the conjugate.
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Q27 — Roots from a Given Surd Root HARD

Since the coefficients of h(x) arerealand z = 1 — 2/3is a root, its conjugate surd x = 1 + 2v/3is also
a root. R1

Sum of these two roots: (1 — 2v/3) + (1 +2v/3) =2
Product of these two roots: (1 —2v/3)(1 +2v3) =112 = —11

So the two surd roots satisfy 22 — 2z — 11 = 0. M1
By Vieta for h(z) = 23 — 42% — Tz + d: sum of all roots = 4.

Let the thirdrootbe p: p +2 =4 = p=2. Al
So h(z) = (z —2)(z? — 2z — 11); by Vieta, a8y = —d = 2 x (—11) = —d = d = 22. M1
Check: (z —2)(x?2 —2x—11) =23 — 222 — 11z — 222 + 40+ 22 =23 — 422 — T + 22 v A1l

Roots: . = 2, 1 —2v/3 ~ —2.46, 1 + 23 ~ 4.46; d = 22.
Note: R1 for explicitly stating that real coefficients imply the conjugate surd is also a root.

Q28 — Vieta for a Quartic Two Unknowns HARD

For ¢(z) = z* + 32 — 522 + ax + b with roots a, 3,7, 0:
By Vieta's formulae (leading coefficient = 1):

afyd =b M1
Given affyd = —12,s0b = —12. Al
afy+ afd + ayd + fyd = —a M1
Note: For x* + c32° + cyz? + ¢, 7 + ¢, the elementary symmetric polynomial e5 = —c;, (i.e. = —a).

Given afy 4+ afd + avyd + fy0 =7,50 —a =7 = a = —T. A1A1

Note: Award M1 M1 for correct identification of both Vieta relations; A1 A1 for both correct values. Deduct
one A1 if sign error in either Vieta relation.

Q29 — New Polynomial via Substitution HARD

t+1
(a) Substitute z = i into f(z) = 23 — 322 — 13z + 15: M1

o(f) = <¥>3_3<¥>2_13 (¥>+15: (t+1)3 3(t+1)? 13(t+1) e

B 8 4 2
Multiply through by 8: M1
8g(t) = (t+1)>—6(t+1)> —52(t+1)+ 120
(t+1)3=t3+3t2+3t+1; —6(t+1)2=—6t2—12t—6; —52(t+1)=—52t—52

8g(t) =13 + 31> + 3t + 1 — 6t — 12t — 6 — 52t — 52 + 120 = ¢3 — 3t? — 61t + 63 Al
Since f(x) is monic and z = (¢ + 1)/2, the monic form of g(t) is g(t) = t> — 3t> — 61t + 63. A1l
Note: GDC confirms roots of f(x) are « = —3,5 = 1,7 = 5; roots of g(t) aret = 2a — 1 = -7,

t=28—1=1,t=2y—1=09.
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(b) Sum of roots of g(t) = —(—3)/1 = 3. Al
Note: Accept 2(av + 4+ ) — 3 = 2(3) — 3 = 3 using Vieta on f(x).

Q30 — Remainder Theorem then Long Division HARD

1
Testm=§: M1
1 1 1 1 1 3
“)=4.=- . —8.= ——42_4 =1
f(2> 8-|—6 1 8 2—i—3 2—|—2 +3
1 1
Sincef<§) =1+#0, (a:—§) is not a factor of f(z). R1

Perform long division of 423 + 622 — 8z + 3 by (2x — 1): M1
423 = 22 = 222; 2:162(233 —1) = 423 — 2x2; remainder 822 — 8z + 3

822 = 2x = 4w;  4x(2z — 1) = 822 — 4x; remainder —4x + 3

—4z +2x =—-2; —2(2z—1) = —4x + 2; remainder 1

Quotient Q(x) = 222 + 4x — 2, remainder R = 1. A1l
fx) =22 —1)(222 + 42 —2) + 1 Al
Note: R1 requires an explicit statement that f(1/2) # 0 therefore (x —1/2) is not a factor. Award M1 for
at least two correct steps of long division. Final A1 A1 for correct Q)(x) and R.

Score a 7 | ibmathtutordubai.com | Page 24



