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Events ⋅ Independence & Mutual Exclusivity ⋅ Conditional Probability & Bayes ⋅
Venn & Tree Diagrams

Difficulty EASY MEDIUM HARD
Questions 10 10 10
Total Marks 30 40 50

Name: Date:
Score: /120

Scan me for help

Instructions: Answer all questions. Show all working. Give answers correct to 3 significant figures unless stated
otherwise. Each question states whether a calculator is permitted.

Key Formulae

• Addition rule: 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵)

• Mutually exclusive events: 𝑃(𝐴 ∩ 𝐵) = 0 ⇒ 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵)

• Independence test (multiplication rule): 𝐴 and 𝐵 are independent ⟺ 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴) 𝑃(𝐵)

• Conditional probability: 𝑃(𝐴 ∣ 𝐵) = 𝑃(𝐴 ∩ 𝐵)
𝑃(𝐵) , 𝑃(𝐵) ≠ 0

• Total probability: 𝑃(𝐵) = 𝑃(𝐵 ∣ 𝐴) 𝑃(𝐴) + 𝑃(𝐵 ∣ 𝐴′) 𝑃 (𝐴′)

• Bayes’ theorem (two hypotheses): 𝑃(𝐴 ∣ 𝐵) = 𝑃(𝐵 ∣ 𝐴) 𝑃(𝐴)
𝑃(𝐵 ∣ 𝐴) 𝑃(𝐴) + 𝑃(𝐵 ∣ 𝐴′) 𝑃 (𝐴′)

• Complement rule: 𝑃(𝐴′) = 1 − 𝑃(𝐴); At-least-one: 𝑃(at least one) = 1 − 𝑃(none)

GDC Tips

1. Storing probabilities. Assign decimal values to variables (e.g. 𝐴, 𝐵) and verify 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴) ×
𝑃(𝐵) with a single calculation to test independence.

2. Binomial / combinatorial counts. Use nCr (Math → Probability → nCr) when counting favourable
outcomes for tree-diagram branch probabilities.

3. Fractionmode. Keep exact answers by pressingMath→ Frac (▶Frac) immediately after a computation
to convert decimals to fractions.
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4. Table of values for Bayes. Enter all branch products as a list in L1; use sum(L1) for the total probability
denominator, then divide each entry to obtain the posterior.

5. Verifying Venn regions. Store each region as a variable and confirm the grand total equals 1 (or the
given sample size) before reading off probabilities.

6. At-least-one with powers. Compute 1 − (1 − 𝑝)𝑛 directly on the home screen; store 𝑝 first to avoid
re-entry errors.

Common Mistakes to Avoid
1. Confusing independence with mutual exclusivity. Two events are mutually exclusive when 𝑃(𝐴 ∩

𝐵) = 0; they are independent when 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴)𝑃(𝐵). If both hold and 𝑃(𝐴), 𝑃 (𝐵) > 0 then
𝑃(𝐴)𝑃 (𝐵) = 0, a contradiction — so non-trivial events cannot be both. Always name the test you
are applying.

2. Reversing the conditional. 𝑃(𝐴 ∣ 𝐵) and 𝑃(𝐵 ∣ 𝐴) are generally different. Identify which event is the
given condition and which is the target; writing the fraction

𝑃(𝐴 ∩ 𝐵)
𝑃(𝐵) explicitly prevents the swap.

3. Forgetting to update denominators in without-replacement trees. After one item is removed the
population size decreases by one. Every second-stage branch probability must reflect the reduced
total; leaving denominators unchanged is a very common error.

4. Omitting a path in the total-probability denominator for Bayes. The denominator must sum over all
paths that lead to the observed evidence. Missing even one path gives a posterior that exceeds 1 or
does not sum correctly across hypotheses.

5. Using the addition rule without subtracting the intersection. Writing 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) is
only valid formutually exclusive events. In all other cases the intersection𝑃(𝐴∩𝐵)must be subtracted
to avoid double-counting.

6. Reading a Venn diagram region incorrectly. The inner intersection region belongs to both sets; the
crescent belongs to one set only. When a question asks for 𝑃(𝐴 only), use the crescent value, not the
full circle total which includes the overlap.
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Section A — Easy EASY (10 questions × 3 marks = 30 marks)

Scan me for help

1. EASY No Calculator [3 marks]
The probability that a student brings a lunch box to school is 0.45. The probability that a student brings a water
bottle is 0.6. The probability that a student brings both is 0.27.
Find the probability that a student brings a lunch box or a water bottle (or both).

2. EASY Calculator [3 marks]
A bag contains coloured counters. The Venn diagram below shows how many counters belong to event 𝐴 (red
counters) and event 𝐵 (large counters) out of a total of 40 counters.

𝑈𝐴 𝐵

12 8 11

9

A counter is chosen at random. Find 𝑃(𝐴 ∪ 𝐵).
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3. EASY No Calculator [3 marks]
Events 𝐶 and 𝐷 are such that 𝑃(𝐶) = 0.5, 𝑃(𝐷) = 0.4 and 𝑃(𝐶 ∩ 𝐷) = 0.2.

(a) State whether events 𝐶 and 𝐷 are independent. Justify your answer. [2]

(b) State whether events 𝐶 and 𝐷 are mutually exclusive. Justify your answer. [1]

4. EASY Calculator [3 marks]
A spinner is spun twice. The tree diagram below shows the probabilities of landing on Blue (𝐵) or Yellow (𝑌 ) on
each spin.

𝐵

𝑌

0.7

0.3

0.7 𝐵

0.3 𝑌

0.7 𝐵

0.3 𝑌

Find the probability that the spinner lands on the same colour both times.
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5. EASY Calculator [3 marks]
A class of 30 students was surveyed about whether they play chess (𝐶) or tennis (𝑇 ). The results are shown in
the two-way table below.

Plays tennis Does not play tennis Total

Plays chess 7 5 12

Does not play chess 11 7 18

Total 18 12 30

A student is selected at random. Find the probability that the student plays chess given that they play tennis.

6. EASY Calculator [3 marks]

The probability that Mia cycles to school is
3
5 . If she cycles, the probability she arrives on time is

4
5 . If she does

not cycle, the probability she arrives on time is
1
2 .

Find the probability that Mia arrives on time.

7. EASY Calculator [3 marks]
Events 𝑃 and 𝑄 are mutually exclusive with 𝑃(𝑃) = 0.35 and 𝑃(𝑄) = 0.42.
Find 𝑃(𝑃 ∪ 𝑄).
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8. EASY Calculator [3 marks]
A box contains 5 red marbles and 3 blue marbles. A marble is drawn at random and not replaced. A second
marble is then drawn.
Find the probability that both marbles are red.

9. EASY No Calculator [3 marks]

Events 𝐴 and 𝐵 are independent with 𝑃(𝐴) = 1
3 and 𝑃(𝐵) = 3

4 .
Find 𝑃(𝐴 ∪ 𝐵).

10. EASY Calculator [3 marks]
The table below shows the probability distribution of the number of goals,𝐺, scored by a hockey team in amatch.

𝑔 0 1 2 3

𝑃(𝐺 = 𝑔) 0.15 0.40 𝑘 0.10

(a) Find the value of 𝑘. [1]

(b) Find the probability that the team scores at least one goal. [2]
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Section B —Medium MEDIUM (10 questions × 4 marks = 40 marks)
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11. MEDIUM No Calculator [4 marks]
The Venn diagram below shows events 𝐴 and 𝐵 within a sample space 𝑈 , where 𝑛(𝑈) = 50. The value 𝑥
represents the number of outcomes in 𝐴 ∩ 𝐵.

𝑈𝐴 𝐵

18 𝑥 11

𝑘

(a) Given that 𝑃(𝐴) = 0.46, find the value of 𝑥. [2]

(b) Hence find the value of 𝑘, the number of outcomes outside both circles. [1]

(c) Hence find 𝑃 (𝐴 ∣ 𝐵). [1]

12. MEDIUM No Calculator [4 marks]
Two events 𝐶 and 𝐷 satisfy 𝑃(𝐶) = 0.5, 𝑃(𝐷) = 0.4, and 𝑃(𝐶 ∪ 𝐷) = 0.7.
(a) Find 𝑃(𝐶 ∩ 𝐷). [2]

(b) Determine, with a reason, whether 𝐶 and 𝐷 are independent. [2]
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13. MEDIUM Calculator [4 marks]
A bag contains 5 red and 3 blue counters. A counter is drawn at random and not replaced. A second counter is
then drawn. The tree diagram below represents this experiment.

𝑅1

𝐵1

5
8

3
8

4
7 𝑅2

3
7

𝐵2

5
7 𝑅2

2
7

𝐵2

(a) Find the probability that both counters drawn are the same colour. [2]

(b) Find the probability that the first counter was red, given that the second counter drawn is red. [2]

14. MEDIUM No Calculator [4 marks]

Events 𝐸 and 𝐹 are such that 𝑃(𝐸) = 1
3 , 𝑃(𝐹) = 1

2 , and 𝐸 and 𝐹 are independent.

(a) Write down 𝑃(𝐸 ∩ 𝐹). [1]

(b) Find 𝑃(𝐸 ∪ 𝐹). [1]

(c) Determine, with a reason, whether 𝐸 and 𝐹 are mutually exclusive. [2]
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15. MEDIUM Calculator [4 marks]
A factory has two machines, 𝑀1 and 𝑀2. Machine 𝑀1 produces 60% of all items and machine 𝑀2 produces the
remaining 40%. The probability that an item produced by𝑀1 is defective is 0.03, and the probability that an item
produced by 𝑀2 is defective is 0.05. An item is chosen at random and found to be defective.
Find the probability that it was produced by 𝑀2.

16. MEDIUM Calculator [4 marks]
The probability distribution of a discrete random variable 𝑋 is shown in the table below.

𝑥 1 2 3 4

𝑃(𝑋 = 𝑥) 0.1 𝑘 0.3 2𝑘

(a) Find the value of 𝑘. [2]

(b) Find 𝑃(𝑋 ≥ 3). [1]

(c) Find 𝑃(𝑋 = 2 ∣ 𝑋 ≤ 3). [1]

17. MEDIUM Calculator [4 marks]
In a class of 30 students, 18 study Mathematics (𝑀 ), 15 study Physics (𝑃 ), and 7 study both subjects. A student
is selected at random.

(a) Find the probability that the student studies at least one of the two subjects. [2]

(b) Find 𝑃(𝑀 ∣ 𝑃 ). [1]

(c) Determine, with a reason, whether 𝑀 and 𝑃 are independent events. [1]
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18. MEDIUM Calculator [4 marks]
A game involves spinning a biased spinner with three sectors labelled 1, 2, and 3. The probabilities are 𝑃(1) =
0.5, 𝑃(2) = 0.3, 𝑃 (3) = 0.2. The spinner is spun twice. Let 𝐴 be the event “the sum of the two results equals
4”.

(a) List all outcomes that give a sum of 4. [1]

(b) Find 𝑃(𝐴). [3]

19. MEDIUM No Calculator [4 marks]
Three friends Aiko, Bella, and Cora each independently attempt to solve a puzzle. The probabilities that they

solve it are
3
4 ,

2
3 , and

1
2 respectively.

(a) Find the probability that all three friends solve the puzzle. [1]

(b) Find the probability that at least one friend solves the puzzle. [3]

20. MEDIUM Calculator [4 marks]
A survey of 200 people recorded whether they prefer tea (𝑇 ) or coffee (𝐶), and whether they prefer mornings
(𝑀𝑜) or evenings (𝐸). The results are shown in the table below.

Tea Coffee Total

Morning 70 50 120

Evening 30 50 80

Total 100 100 200

A person is chosen at random.

(a) Write down 𝑃(𝑇 ∩ 𝑀𝑜). [1]

(b) Find 𝑃(𝑇 ∣ 𝑀𝑜). [1]

(c) Determine, with a reason, whether preferring tea and preferring mornings are independent. [2]
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Section C — Hard HARD (10 questions × 5 marks = 50 marks)

Scan me for help

21. HARD Calculator [5 marks]
A factory produces components using three machines: 𝑀1, 𝑀2, and 𝑀3. Machine 𝑀1 produces 50% of all
components, 𝑀2 produces 30%, and 𝑀3 produces 20%. The probability that a component is defective given it
was produced by 𝑀1, 𝑀2, or 𝑀3 is 0.02, 0.05, and 0.08 respectively. A component is selected at random and
found to be defective.

𝑀1

𝑀2

𝑀3

0.50

0.30

0.20

0.02 𝐷

0.98 𝐷′

0.05 𝐷

0.95 𝐷′

0.08 𝐷

0.92 𝐷′

Find the probability that it was produced by 𝑀2.

22. HARD No Calculator [5 marks]

Events 𝐴 and 𝐵 are defined in a sample space 𝑈 . It is given that 𝑃(𝐴) = 3
7 , 𝑃(𝐵) = 3

5 , and 𝑃(𝐴 ∪ 𝐵) = 4
5 .

(a) Show that 𝑃(𝐴 ∩ 𝐵) = 8
35 . [2]

(b) Determine whether 𝐴 and 𝐵 are independent. Justify your answer. [2]

(c) State, with a reason, whether 𝐴 and 𝐵 are mutually exclusive. [1]
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23. HARD No Calculator [5 marks]
In a survey of 160 university students, each student studies at least one of the subjectsMathematics (𝑀 ), Physics
(𝑃 ), or Chemistry (𝐶). The following information is known:

• 80 study Mathematics, 70 study Physics, 60 study Chemistry.

• 25 study bothMathematics and Physics, 20 study both Physics and Chemistry, 15 study bothMathematics and
Chemistry.

• 𝑥 students study all three subjects.

(a) Show that 𝑥 = 10. [2]

(b) A student is chosen at random. Find the probability that the student studies exactly two of the three
subjects. [2]

(c) Given that a student studies Mathematics, find the probability that they also study Physics but not Chem-
istry. [1]

24. HARD No Calculator [5 marks]
A bag contains 4 red balls and 6 blue balls. Two balls are drawn without replacement. Let 𝑅1 and 𝑅2 denote the
events that the first and second balls drawn are red, respectively.

(a) Write down 𝑃(𝑅1). [1]

(b) Find 𝑃(𝑅2). [2]

(c) Find 𝑃(𝑅1 ∣ 𝑅2). [2]
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25. HARD Calculator [5 marks]
A biased coin has probability 𝑝 of landing heads. The coin is tossed repeatedly. It is given that the probability of

obtaining at least one head in three tosses is
215
216 .

(a) Show that 𝑝 = 5
6 . [2]

(b) Find the probability of obtaining exactly two heads in three tosses. [2]

(c) Find the probability that the first head occurs on the third toss. [1]

26. HARD Calculator [5 marks]
Two events 𝐴 and 𝐵 satisfy 𝑃(𝐵) = 2𝑃(𝐴), 𝑃(𝐴 ∪ 𝐵) = 0.76, and 𝐴 and 𝐵 are independent. Find 𝑃(𝐴) and
𝑃(𝐵).
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27. HARD Calculator [5 marks]
A clinical trial tests a new treatment on patients who may or may not have a particular disease. From historical
records, 15% of patients in the trial have the disease. The treatment produces a positive test result with prob-
ability 0.92 if the patient has the disease, and with probability 0.06 if the patient does not have the disease. A
patient is selected at random and tests positive.

(a) Find the probability that a randomly selected patient tests positive. [2]

(b) Find the probability that the patient has the disease, given they tested positive. Give your answer to 3
significant figures. [2]

(c) Comment on the reliability of the test, referring to your answer from part (b). [1]

28. HARD Calculator [5 marks]
The Venn diagram below shows two events 𝐴 and 𝐵 within a sample space 𝑈 , where 𝑎, 𝑏, 𝑐, and 𝑑 represent the
number of outcomes in each region. It is given that 𝑃(𝐴) = 0.55, 𝑃(𝐵) = 0.40, the total number of outcomes
is 200, and 𝐴 and 𝐵 are independent.

𝑈𝐴 𝐵

𝑎 𝑐 𝑏

𝑑

(a) Find the value of 𝑐, the number of outcomes in 𝐴 ∩ 𝐵. [2]

(b) Find the values of 𝑎, 𝑏, and 𝑑. [2]

(c) Find 𝑃(𝐴′ ∣ 𝐵). [1]
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29. HARD Calculator [5 marks]
A game show has two boxes. Box I contains 3 gold coins and 2 silver coins. Box II contains 1 gold coin and 4 silver
coins. A fair die is rolled: if the result is 1 or 2, a coin is drawn from Box I; otherwise, a coin is drawn from Box II.
The coin drawn is gold.

(a) Find the probability that a gold coin is drawn. [2]

(b) Find the probability that the coin came from Box I, given that it is gold. [2]

(c) Hence find the probability that the coin came from Box II, given that it is gold. [1]

30. HARD Calculator [5 marks]
In a class of 30 students, each student either plays sport (𝑆) or does not, and either plays a musical instrument
(𝐼) or does not. The two-way table below shows partial information about the class.

Plays 𝐼 Does not play 𝐼 Total

Plays 𝑆 𝑘 8

Does not play 𝑆 6 12

Total 30

(a) Given that 𝑆 and 𝐼 are independent events, find the value of 𝑘. [3]

(b) Find 𝑃(𝑆 ∣ 𝐼). [1]

(c) State, with a reason, whether 𝑆 and 𝐼 are mutually exclusive. [1]
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Mark Schemes

Official Mark-Scheme Style —M/A/R/AG Notation

Q1 — Combined Events & Addition Rule EASY

Using the addition rule for probability: 𝑃(𝐿 ∪ 𝑊) = 𝑃(𝐿) + 𝑃(𝑊) − 𝑃(𝐿 ∩ 𝑊) M1
𝑃(𝐿 ∪ 𝑊) = 0.45 + 0.6 − 0.27 (A1)
𝑃(𝐿 ∪ 𝑊) = 0.78 A1

Q2 — Venn Diagram & Union Probability EASY

Number of counters in 𝐴 ∪ 𝐵 = 12 + 8 + 11 = 31 M1

𝑃(𝐴 ∪ 𝐵) = 31
40 A1

Note: Award M1 for correctly identifying all three regions inside the circles. The 9 outside is not included.
Final answer 31/40 = 0.775. Both exact fraction and decimal accepted.

Q3 — Independence vs Mutual Exclusivity Test EASY

(a) For independence, check whether 𝑃(𝐶) × 𝑃(𝐷) = 𝑃(𝐶 ∩ 𝐷): M1
𝑃(𝐶) × 𝑃(𝐷) = 0.5 × 0.4 = 0.2 = 𝑃(𝐶 ∩ 𝐷), so 𝐶 and 𝐷 are independent. A1
(b) Since 𝑃(𝐶 ∩ 𝐷) = 0.2 ≠ 0, events 𝐶 and 𝐷 are not mutually exclusive. R1

Q4 — Tree Diagram & Same Colour EASY

𝑃(same colour) = 𝑃(𝐵𝐵) + 𝑃(𝑌 𝑌 ) M1
= (0.7 × 0.7) + (0.3 × 0.3) (A1)
= 0.49 + 0.09 = 0.58 A1

Q5 — Conditional Probability from Two-Way Table EASY

Number of students who play tennis = 7 + 11 = 18 M1

𝑃(𝐶 ∣ 𝑇 ) = 𝑃 (𝐶 ∩ 𝑇 )
𝑃(𝑇 ) = 7

18 A1

Note: AwardM1 for correctly identifying the denominator as 18 (total tennis players). 7/18 ≈ 0.389. Both
exact fraction and 3 s.f. decimal accepted.

Score a 7 | ibmathtutordubai.com | Page 17



Mr. Ahmad | IB Math Tutor
ibmathtutordubai.com

AA HL — Topic 4: Statistics & Probability
Probability

Q6 — Total Probability & Two-Stage Tree EASY

𝑃(on time) = 𝑃(cycles) × 𝑃(on time ∣ cycles) + 𝑃(no cycle) × 𝑃(on time ∣ no cycle) M1

= 3
5 × 4

5 + 2
5 × 1

2 (A1)

= 12
25 + 1

5 = 12
25 + 5

25 = 17
25 A1

Note: 17/25 = 0.68.

Q7 —Mutually Exclusive Events & Union EASY

Since 𝑃 and 𝑄 are mutually exclusive, 𝑃(𝑃 ∩ 𝑄) = 0. R1
𝑃(𝑃 ∪ 𝑄) = 𝑃 (𝑃 ) + 𝑃(𝑄) M1
= 0.35 + 0.42 = 0.77 A1

Q8 —Without-Replacement Tree & Both Red EASY

𝑃(1st red) = 5
8 (A1)

After one red marble is removed, 𝑃(2nd red ∣ 1st red) = 4
7 M1

𝑃(both red) = 5
8 × 4

7 = 20
56 = 5

14 A1

Note: Award M1 for using the changed denominator of 7 on the second draw. Exact fraction 5/14.

Q9 — Independence Used to Find Union EASY

Since 𝐴 and 𝐵 are independent: 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴) × 𝑃(𝐵) = 1
3 × 3

4 = 1
4 M1

𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃 (𝐵) − 𝑃(𝐴 ∩ 𝐵) (M1)

= 1
3 + 3

4 − 1
4 = 4

12 + 9
12 − 3

12 = 10
12 = 5

6 A1

Note: Exact fraction 5/6.

Q10 — Probability Distribution & At Least One Goal EASY

(a) All probabilities sum to 1: 0.15 + 0.40 + 𝑘 + 0.10 = 1 ⇒ 𝑘 = 0.35 A1
(b) 𝑃(𝐺 ≥ 1) = 1 − 𝑃(𝐺 = 0) M1
= 1 − 0.15 = 0.85 A1
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Q11 — Venn Diagram with Unknown Intersection MEDIUM

(a) 𝑛(𝐴) = 0.46 × 50 = 23, so 18 + 𝑥 = 23 M1
𝑥 = 5 A1
(b) 𝑘 = 50 − 18 − 5 − 11 = 16 A1

(c) 𝑃(𝐴 ∣ 𝐵) = 𝑃 (𝐴 ∩ 𝐵)
𝑃(𝐵) = 5/50

16/50 = 5
16 A1

Note: Follow through their 𝑥 in part (c) provided method is correct. Exact fraction 5/16.

Q12 — Combined Events and Independence Test MEDIUM

(a) Using 𝑃(𝐶 ∪ 𝐷) = 𝑃(𝐶) + 𝑃(𝐷) − 𝑃(𝐶 ∩ 𝐷): M1
𝑃(𝐶 ∩ 𝐷) = 0.5 + 0.4 − 0.7 = 0.2 A1
(b) For independence, check 𝑃(𝐶) × 𝑃(𝐷) = 0.5 × 0.4 = 0.20 M1
Since 𝑃(𝐶 ∩ 𝐷) = 0.2 = 𝑃(𝐶) × 𝑃(𝐷), events 𝐶 and 𝐷 are independent. R1
Note: The R1 requires an explicit comparison and conclusion sentence.

Q13 —Without-Replacement Tree Diagram MEDIUM

(a) 𝑃(same colour) = 𝑃 (𝑅1 ∩ 𝑅2) + 𝑃(𝐵1 ∩ 𝐵2) M1

= 5
8 × 4

7 + 3
8 × 2

7 = 20
56 + 6

56 = 26
56 = 13

28 A1

Note: Exact fraction 13/28.

(b) 𝑃(𝑅2) = 5
8 × 4

7 + 3
8 × 5

7 = 20
56 + 15

56 = 35
56 = 5

8 M1

𝑃(𝑅1 ∣ 𝑅2) = 𝑃(𝑅1 ∩ 𝑅2)
𝑃 (𝑅2) = 20/56

35/56 = 20
35 = 4

7 A1

Note: Exact fraction 4/7.

Q14 — Independence versus Mutual Exclusivity MEDIUM

(a) 𝑃(𝐸 ∩ 𝐹) = 𝑃 (𝐸) × 𝑃 (𝐹) = 1
3 × 1

2 = 1
6 A1

Note: Exact fraction 1/6.

(b) 𝑃(𝐸 ∪ 𝐹) = 1
3 + 1

2 − 1
6 = 2

6 + 3
6 − 1

6 = 4
6 = 2

3 A1

Note: Exact fraction 2/3.

(c) For mutual exclusivity, we require 𝑃(𝐸 ∩ 𝐹) = 0. M1

Since 𝑃(𝐸 ∩ 𝐹) = 1
6 ≠ 0, events 𝐸 and 𝐹 are not mutually exclusive. R1
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Q15 — Bayes Theorem & Two Machines MEDIUM

Let 𝐷 denote the event that an item is defective. Using the tree of two branches:
𝑃(𝐷) = 𝑃(𝑀1) × 𝑃(𝐷 ∣ 𝑀1) + 𝑃(𝑀2) × 𝑃(𝐷 ∣ 𝑀2) M1
= 0.6 × 0.03 + 0.4 × 0.05 = 0.018 + 0.020 = 0.038 A1

𝑃(𝑀2 ∣ 𝐷) = 𝑃 (𝑀2) × 𝑃(𝐷 ∣ 𝑀2)
𝑃 (𝐷) = 0.4 × 0.05

0.038 M1

= 0.020
0.038 = 0.526 (3 s.f.) A1

Note: Accept exact fraction 10/19.

Q16 — Probability Distribution and Conditional Probability MEDIUM

(a) Sum of all probabilities equals 1: 0.1 + 𝑘 + 0.3 + 2𝑘 = 1 M1
3𝑘 = 0.6 ⇒ 𝑘 = 0.2 A1
(b) 𝑃(𝑋 ≥ 3) = 𝑃(𝑋 = 3) + 𝑃(𝑋 = 4) = 0.3 + 0.4 = 0.7 A1

(c) 𝑃(𝑋 = 2 ∣ 𝑋 ≤ 3) = 𝑃(𝑋 = 2)
𝑃(𝑋 ≤ 3) = 0.2

0.1 + 0.2 + 0.3 = 0.2
0.6 = 1

3 A1

Q17 — Two-Set Probability and Independence MEDIUM

(a) 𝑃(𝑀 ∪ 𝑃) = 𝑃(𝑀) + 𝑃(𝑃) − 𝑃(𝑀 ∩ 𝑃) = 18
30 + 15

30 − 7
30 = 26

30 = 13
15 M1 A1

Note: Exact fraction 13/15.

(b) 𝑃(𝑀 ∣ 𝑃 ) = 𝑃 (𝑀 ∩ 𝑃 )
𝑃(𝑃 ) = 7/30

15/30 = 7
15 A1

Note: Exact fraction 7/15.

(c) 𝑃(𝑀) × 𝑃 (𝑃) = 18
30 × 15

30 = 270
900 = 3

10 ; but 𝑃(𝑀 ∩ 𝑃) = 7
30 ≠ 3

10 , so 𝑀 and 𝑃 are not
independent. R1

Q18 — Sum of Two Spins Equals Target MEDIUM

(a) Outcomes giving sum of 4: (1, 3), (2, 2), (3, 1) A1
(b) 𝑃(1, 3) = 0.5 × 0.2 = 0.10; 𝑃(2, 2) = 0.3 × 0.3 = 0.09; 𝑃(3, 1) = 0.2 × 0.5 = 0.10 M1
𝑃(𝐴) = 0.10 + 0.09 + 0.10 = 0.29 A1 A1
Note: Award second A1 for correct addition of all three terms.

Score a 7 | ibmathtutordubai.com | Page 20



Mr. Ahmad | IB Math Tutor
ibmathtutordubai.com

AA HL — Topic 4: Statistics & Probability
Probability

Q19 — At-Least-One via Complement MEDIUM

(a) 𝑃(all three solve) = 3
4 × 2

3 × 1
2 = 6

24 = 1
4 A1

Note: Exact fraction 1/4.

(b) 𝑃(none solve) = (1 − 3
4) (1 − 2

3) (1 − 1
2) = 1

4 × 1
3 × 1

2 = 1
24 M1 A1

𝑃(at least one solves) = 1 − 1
24 = 23

24 A1

Note: Exact fraction 23/24.

Q20 — Two-Way Table and Independence Test MEDIUM

(a) 𝑃(𝑇 ∩ 𝑀𝑜) = 70
200 = 7

20 (or 0.35) A1

Note: Exact fraction 7/20.

(b) 𝑃(𝑇 ∣ 𝑀𝑜) = 70
120 = 7

12 (or 0.583, 3 s.f.) A1

Note: Exact fraction 7/12.

(c) 𝑃(𝑇 ) = 100
200 = 0.5; check 𝑃(𝑇 ) × 𝑃(𝑀𝑜) = 0.5 × 120

200 = 0.5 × 0.6 = 0.30 M1
Since 𝑃(𝑇 ∩ 𝑀𝑜) = 0.35 ≠ 0.30 = 𝑃(𝑇 ) × 𝑃(𝑀𝑜), preferring tea and preferring mornings are not
independent. R1

Q21 — Bayes’ Theorem with Three Machines HARD

Total probability of defective (reading from tree):
𝑃(𝐷) = 0.50 × 0.02 + 0.30 × 0.05 + 0.20 × 0.08 M1
𝑃(𝐷) = 0.010 + 0.015 + 0.016 = 0.041 A1

Applying Bayes’ theorem: 𝑃(𝑀2 ∣ 𝐷) = 𝑃(𝑀2) × 𝑃(𝐷 ∣ 𝑀2)
𝑃 (𝐷) = 0.30 × 0.05

0.041 M1

= 0.015
0.041 (A1)

= 15
41 ≈ 0.366 A1

Note: Award M1A1M1 for correct tree paths and Bayes’ numerator/denominator structure. Accept exact
fraction 15/41.

Q22 — Show-That Intersection & Independence & Mutual Exclusivity HARD

Given: 𝑃(𝐴) = 3/7, 𝑃(𝐵) = 3/5, 𝑃(𝐴 ∪ 𝐵) = 4/5.
(a) Using 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵): M1
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4
5 = 3

7 + 3
5 − 𝑃(𝐴 ∩ 𝐵)

𝑃(𝐴 ∩ 𝐵) = 3
7 + 3

5 − 4
5 = 15

35 + 21
35 − 28

35 = 8
35 A1 AG

Note: Exact fraction 8/35 ≈ 0.229 (3 s.f.).

(b) Check independence: 𝑃 (𝐴) × 𝑃(𝐵) = 3
7 × 3

5 = 9
35 M1

Since 𝑃(𝐴 ∩ 𝐵) = 8
35 ≠ 9

35 = 𝑃(𝐴) × 𝑃(𝐵), events 𝐴 and 𝐵 are not independent. A1

(c) 𝑃(𝐴 ∩ 𝐵) = 8
35 ≠ 0, so 𝐴 and 𝐵 are not mutually exclusive. R1

Q23 — Three-Set Venn and Conditional Probability HARD

(a) Using inclusion–exclusion for three sets: M1
|𝑀 ∪ 𝑃 ∪ 𝐶| = 80 + 70 + 60 − 25 − 20 − 15 + 𝑥
160 = 150 + 𝑥 ⇒ 𝑥 = 10 A1 AG
(b) Since 𝑥 = 10 does not exceed any pairwise intersection, the exactly-two-only regions are all non-
negative: M1
𝑀 ∩ 𝑃 only = 25 − 10 = 15; 𝑃 ∩ 𝐶 only = 20 − 10 = 10; 𝑀 ∩ 𝐶 only = 15 − 10 = 5.
Exactly two subjects = 15 + 10 + 5 = 30
𝑃(exactly two) = 30

160 = 3
16 = 0.1875 A1

Note: Exact fraction 3/16 = 0.1875.
(c)𝑀 ∩ 𝑃 only (studies 𝑀 and 𝑃 but not 𝐶) = 15; 𝑃(𝑃 not 𝐶 ∣ 𝑀) = 15

80 = 3
16 = 0.1875 A1

Note: Exact fraction 3/16 = 0.1875.

Q24 —Without-Replacement Tree and Reversed Conditional HARD

(a) 𝑃(𝑅1) = 4
10 = 2

5 A1

(b) Using total probability (denominator changes after first draw):
𝑃(𝑅2) = 𝑃(𝑅2 ∣ 𝑅1)𝑃 (𝑅1) + 𝑃(𝑅2 ∣ 𝑅′

1)𝑃 (𝑅′
1) M1

= 3
9 ⋅ 4

10 + 4
9 ⋅ 6

10 = 12
90 + 24

90 = 36
90 = 2

5 A1

(c) 𝑃(𝑅1 ∣ 𝑅2) = 𝑃(𝑅1 ∩ 𝑅2)
𝑃 (𝑅2) =

4
10 ⋅ 3

9
2/5 M1

= 12/90
2/5 = 12

90 × 5
2 = 60

180 = 1
3 A1
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Q25 — Biased Coin & At-Least-One Complement HARD

(a) 𝑃(at least one head in 3) = 1 − (1 − 𝑝)3 = 215
216 M1

(1 − 𝑝)3 = 1
216 ⇒ 1 − 𝑝 = 1

6 ⇒ 𝑝 = 5
6 A1 AG

Note: Exact fraction 5/6.

(b) 𝑃(exactly 2 heads) = (3
2) (5

6)
2

(1
6)

1
M1

= 3 × 25
36 × 1

6 = 75
216 = 25

72 A1

Note: Exact fraction 25/72.

(c) 𝑃(first head on toss 3) = (1
6)

2
× 5

6 = 5
216 A1

Note: Exact fraction 5/216.

Q26 — Independence Equation to Find Unknown Probabilities HARD

Let 𝑃(𝐴) = 𝑝, so 𝑃(𝐵) = 2𝑝.
Since 𝐴 and 𝐵 are independent: 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴) ⋅ 𝑃 (𝐵) = 𝑝 ⋅ 2𝑝 = 2𝑝2 M1
Using 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃 (𝐵) − 𝑃(𝐴 ∩ 𝐵): 0.76 = 𝑝 + 2𝑝 − 2𝑝2 = 3𝑝 − 2𝑝2 M1
2𝑝2 − 3𝑝 + 0.76 = 0 (A1)

Using GDC (quadratic formula): 𝑝 = 3 ±
√

9 − 6.08
4 = 3 ±

√
2.92

4 ; so 𝑝 ≈ 1.177 (rejected, > 1) or
𝑝 ≈ 0.3228 A1
𝑃(𝐴) ≈ 0.323, 𝑃(𝐵) ≈ 0.646 A1
Note: Award final A1 only if both values stated and 𝑃(𝐵) = 2𝑃(𝐴) verified.

Q27 — Bayes with Medical Test and Interpretation HARD

(a) Let 𝐷 = has disease, 𝑇 + = tests positive.
𝑃(𝑇 +) = 𝑃 (𝑇 + ∣ 𝐷)𝑃 (𝐷) + 𝑃(𝑇 + ∣ 𝐷′)𝑃 (𝐷′) M1
= 0.92 × 0.15 + 0.06 × 0.85 = 0.138 + 0.051 = 0.189 A1

(b) 𝑃(𝐷 ∣ 𝑇 +) = 0.92 × 0.15
0.189 = 0.138

0.189 M1

= 0.730158 … ≈ 0.730 (3 s.f.) A1
(c) Although a positive result increases the probability of disease from 0.15 to approximately 0.730, there
remains a 27% chance that a positive patient does not have the disease, suggesting the test has limited
reliability on its own. R1
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Q28 — Venn with Independence to Find Region Counts HARD

(a) Total outcomes = 200; using independence: 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴) × 𝑃(𝐵) = 0.55 × 0.40 = 0.22 M1
𝑐 = 0.22 × 200 = 44 A1
(b) 𝑃(𝐴) = 0.55 ⇒ total in 𝐴 = 0.55 × 200 = 110; 𝑎 = 110 − 44 = 66 M1
𝑃(𝐵) = 0.40 ⇒ total in 𝐵 = 0.40 × 200 = 80; 𝑏 = 80 − 44 = 36
𝑑 = 200 − 66 − 44 − 36 = 54 A1

(c) 𝑃(𝐴′ ∣ 𝐵) = 𝑏
𝑏 + 𝑐 = 36

80 = 9
20 = 0.45 A1

Note: Exact fraction 9/20.

Q29 — Two-Box Bayes with Die Selection HARD

(a) 𝑃(Box I) = 2
6 = 1

3 ; 𝑃(Box II) = 4
6 = 2

3 (A1)

𝑃(𝐺) = 1
3 × 3

5 + 2
3 × 1

5 = 3
15 + 2

15 = 5
15 = 1

3 M1 A1

(b) 𝑃(Box I ∣ 𝐺) = 𝑃(𝐺 ∣ Box I)𝑃 (Box I)
𝑃 (𝐺) =

3
5 × 1

3
1/3 M1

= 1/5
1/3 = 3

5 A1

Note: Exact fraction 3/5.

(c) 𝑃(Box II ∣ 𝐺) = 1 − 3
5 = 2

5 A1

Note: Exact fraction 2/5.

Q30 — Two-Way Table with Independence and Exclusivity HARD

(a) Let 𝑁 = total number of students. From the table, 𝑁 = 𝑘 + 8 + 6 + 12 = 𝑘 + 26.
𝑃(𝑆) = 𝑘 + 8

𝑁 ; 𝑃 (𝐼) = 𝑘 + 6
𝑁 ; 𝑃(𝑆 ∩ 𝐼) = 𝑘

𝑁 M1

Independence requires 𝑃(𝑆 ∩ 𝐼) = 𝑃(𝑆) × 𝑃(𝐼): 𝑘
𝑁 = 𝑘 + 8

𝑁 × 𝑘 + 6
𝑁 ⇒ 𝑘𝑁 = (𝑘 + 8)(𝑘 + 6) M1

Substituting 𝑁 = 𝑘 + 26: 𝑘(𝑘 + 26) = (𝑘 + 8)(𝑘 + 6)
𝑘2 + 26𝑘 = 𝑘2 + 14𝑘 + 48
12𝑘 = 48 ⇒ 𝑘 = 4 A1
Note: The 𝑘2 terms cancel, so this is a linear equation in 𝑘 with exactly one solution — unlike a version
where the grand total is fixed independently of the table cells, which admits two roots. Check: 𝑁 =
4 + 26 = 30.
(b) 𝑃(𝑆 ∣ 𝐼) = 𝑃(𝑆 ∩ 𝐼)

𝑃 (𝐼) = 4/30
10/30 = 4

10 = 2
5 A1
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(c) 𝑃(𝑆 ∩ 𝐼) = 4
30 = 2

15 ≠ 0, so 𝑆 and 𝐼 are not mutually exclusive since they share outcomes. R1

Note: Exact fraction 2/15.

End of Worked Solutions | Mr. Ahmad | IB Math Tutor | ibmathtutordubai.com
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