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IB Math AA HL — Topic 4

Continuous Random Variables
Probability Density Functions - Median & Mode - Mean & Variance

Difficulty | MEDIUM [l HARD |

Questions 10 10 10
Total Marks 30 40 50

Grand Total: 120 marks

Scan me for help

Name: Date:
Score: /120

Instructions: Answer all questions. Show all working. Give answers correct to 3 significant figures unless stated
otherwise. Each question states whether a calculator is permitted.

Key Formulae

o
Validity of a pdf: f(z) > 0 for all z in the support and / f(z)dx = 1.
b L
Probability: P(a < X <b) = / f(z) dz; note P(X = a) = 0 for any continuous X.
a

CDF and pdf link: F(z) — / "ty dtand f(z) = F'(x).

" 1
Median m: / f(z)dx = o equivalently F'(m) = 3; reject roots outside the support.
—00
Mode: value of x that maximises f(x) on its support (set f’(x) = 0 or inspect endpoints/vertex).
[ee] [ee]
Mean and Variance: E(X) = / zf(z) dz; Var(X) = E(X?)—[E(X)]* where E(X?) = / z? f(z) dz.

Linear transformation: E(aX +b) = aE(X) +b; Var(aX + b) = a? Var(X).

GDC Tips. Definite integral for probability: Use fnint(f(x),x,a,b) (TI) or the j;b template in the Math menu. Always
set up the integral algebraically first, then evaluate. Solving for the median numerically: Store F'(xz) —0.5 and use
solve( or the Equation Solver; supply an initial guess inside the support. Reject any solution outside the support.
Computing E(X ) and E(X?): Enter fnint(x*f(x),x,a,b) and fnint(x*2*f(x),x,a,b) separately; subtract [E(X)]? for the
variance. Piecewise pdfs: Split the integral at every join; use two separate fnint calls and add the results. Verify
the total equals 1 before proceeding. Finding k numerically: Define g(k) = [ f(z) dx—1 and use solve(g(k)=0,k);
confirm f(z) > 0 on the support for the value found.

Score a 7 | ibmathtutordubai.com | Page 1



Mr. Ahmad | IB Math Tutor AA HL — Topic 4: Statistics & Probability

ibmathtutordubai.com

Continuous Random Variables

Section A — Easy T8 (Q1-Q10, 3 marks each = 30 marks)
2 E
[=]

Scan me for help

iW EASY | No Calculator

The continuous random variable X has probability density function
f(x) = ka?, 0<z <3,

and f(z) = 0 otherwise. Find the value of k.

M EASY | No Calculator

The continuous random variable X has probability density function
flz) = =a2, 0<x <2,

and f(z) = 0 otherwise. Find the mode of X, justifying your answer.
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KM EASY | Calculator [3 marks]

The continuous random variable X has probability density function
flz) =~ 1<z <5,

and f(z) = 0 otherwise. The diagram below shows f(x) with the shaded region representing P(2 < X < 4).

3 0.25
S
O T e
1 2 3 4 D
X

Find P(2 < X < 4).

M EASY | Calculator [3 marks]

The continuous random variable X has probability density function

3 o
1<z <
f(zx) 567 <z <3,

and f(z) = 0 otherwise. Find E(X).

LM EASY | No Calculator [3 marks]

The continuous random variable X has probability density function
1
f($):§7 0<z <2,

and f(z) = 0 otherwise. Find the median of X.
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‘M EASY | Calculator [3 marks]

The continuous random variable X has probability density function

and f(z) = 0 otherwise. The diagram below shows f(x) with the shaded region representing P(0 < X < 2).

0.75
™ 0.5
0.25

=
0

Find P(0 < X < 2).

YA EASY | No Calculator [3 marks]

The continuous random variable X has probability density function

f(ac):gaz@—w), 0<z<1,

and f(x) = 0 otherwise. Find the mean E(X).

8 EASY | Calculator [3 marks]

The continuous random variable X has probability density function
1
fl@)==(x+2), 1<z<5,
20
and f(z) = 0 otherwise. Find E(X).
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i EAsv | calculator |

The continuous random variable X has probability density function
fx)=ke, 0<z<4,
and f(x) = 0 otherwise, where & is a positive constant.

(a) Write down the value of k.

(b) Hencefind P(1 < X <3).

10.

The continuous random variable X has probability density function

2
f(a:):§(5x—a:2—4), 1 <2 <4,

and f(z) = 0 otherwise. Find the median m of X.
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Section B — Medium [IYJINIIYH (Q11-Q20, 4 marks each = 40 marks)

Scan me for help

st MEDIUM | No Calculator [4 marks]

The continuous random variable X has probability density function
f(z) = k(4z — 2?), 0<z<A4,

and f(z) = 0 otherwise. Find the value of k.

VM MEDIUM | No Calculator [4 marks]

The continuous random variable X has probability density function

= — <zx<
f(x) 1633, 0<z<c,

and f(x) = 0 otherwise, where c is a positive constant.
(a) Write down the value of c. [1]

(b) Find E(X). (3]
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k¥ MEDIUM | Calculator [4 marks]

The continuous random variable 7" (in minutes) models the waiting time at a coffee shop. Its probability density

function is .

f(t)zg—

1
~t, 0<t<d4,
3 <t<
and f(t) = 0 otherwise. The diagram below shows f(¢) with the shaded region representing P(T' < 2).

. 0.4 -
=02
0 -+ : ‘ : ‘ : :
0 1 2 3 4 5 6
t (minutes)
(a) Find P(T < 2). [2]
(b) Find the median waiting time. [2]

'8 MEDIUM | No Calculator [4 marks]

The continuous random variable X has probability density function
3
f(x)zix(Q—x), 0<z<1,

and f(x) = 0 otherwise. Find Var(X).
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L MEDIUM | Calculator |

The continuous random variable X has cumulative distribution function

0 x <0
Fz)=<ax3+bz? 0<x<2
1 T > 2,

where a and b are constants. Given that f(x), the probability density function of X, satisfies f(1) =

values of a and b.

LY MEDIUM | Calculator |

The continuous random variable X has probability density function

fw)= 16—, 0<z<6,

[4 marks]

§, find the
4

[4 marks]

and f(z) = 0 otherwise. The probability density function is shown below, with the shaded region representing

P(X > 3).

0.3
= 02
0.1

(a) Find P(X > 3).
(b) Find the mode of X.
(c) Find E(X).
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VA MEDIUM | calculator |

The continuous random variable X has probability density function
f(z) = e A7, x >0,
where A\ = 0.4, and f(x) = 0 otherwise.
(a) Find P(1 < X <3).

(b) Find the median of X, giving your answer to three significant figures.

sEM MEDIUM | No Calculator

The continuous random variable X has probability density function
f(z) = kz(9 — 2?), 0<z<3,
and f(z) = 0 otherwise.

4
Show that k = —.
(a) Show tha o1

(b) Find the mode of X.
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(8 MEDIUM | Calculator [4 marks]

The continuous random variable X has probability density function

f)= @ +2),  0<z<3,
and f(z) = 0 otherwise. Using your GDC, find
(a) E(X), 2]
(b) Var(X). [2]

v MEDIUM [ Calculator [4 marks]

The continuous random variable X has probability density function

T o<e<2
fl@)=4§
- 2<x <5,
4
and f(z) = 0 otherwise.
0.3
_0.25
& 02
01
0 :
0 1 2 3 4 5
X
(a) Verify that f is a valid probability density function. [2]
(b) Find the median of X. [2]
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Section C — Hard m (Q21-Q30, 5 marks each = 50 marks)

Scan me for help

AW HARD | No Calculator

The continuous random variable X has probability density function

E(dr —23) 0<x<?2
flay = 4 FA = .
0 otherwise,

where £ is a positive constant.
1
(a) Show that k = T

(b) Find E(X) and Var(X).
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vyH HARD | Calculator [5 marks]

The continuous random variable T" (in minutes) models the time a server takes to process a request. Its probability
density function is

at? 0<t<1
fA)=4b(2—1t) 1<t<2
0 otherwise,

where a and b are positive constants. Given that f is continuous at t = 1 and that f is a valid pdf, find the values
of a and b. Then find P(T > 1.5).

vX¥ HARD | No Calculator [5 marks]

The continuous random variable X has cumulative distribution function

0 z <0
F(z)=4q2?(3—-27) 0<z<1
1 x> 1.
(a) Write down P(X < 0.5). [1]
(b) Find the probability density function f(z). [2]
(c) Find the mode of X. (2]
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yZM HARD | No Calculator [5 marks]

The continuous random variable X has probability density function

fo) = {Z’:ﬁ l<r<1

0 otherwise.
1.5
3 1
™ 05
0 * * ‘
—1 0 1
X
(a) Find the median m of X. [3]
(b) Find Var(X). (2]

bW HARD | Calculator [5 marks]

The continuous random variable W has probability density function

cw(3—w)? 0<w<3
flw) = :
0 otherwise,

where c is a positive constant. Using your GDC:

4
Show thatc = —. 2
(a) Show that ¢ o7 [2]
(b) Find E(W) and E(W?), and hence find Var(W). [3]
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b8 HARD | Calculator [5 marks]

A factory produces components whose lifetime L (in hundreds of hours) has probability density function

£0) = {kle‘l2/2 1>0
0 otherwise,
where £ is a positive constant.
(a) Show that k = 1. [2]
(b) Find the median lifetime. Give your answer in hundreds of hours. [2]
(c) Interpret your answer to part (b) in context. [1]

vYM HARD | Calculator [5 marks]

The continuous random variable X has probability density function

3(xz—1)(3—1x)
1<x<3
f(z) = 4 T
0 otherwise.
The figure below shows the graph of f.
0.8
06
8
= 0.4
0.2
0 1
1 2 3
T
(a) Write down the mode of X. [1]
(b) Find E(X) and Var(X). [4]
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pI 8 HARD | No Calculator

[5 marks]

3
The continuous random variable X has probability density function f(x) = §x2 for0 <z <2and f(z) =0

otherwise.
(a) Build the cumulative distribution function F'(x) for all z € R.
(b) Find the median m of X, giving an exact answer.

(c) Hence find P(X > m).

A HARD | No Calculator

The continuous random variable Y has probability density function

Fly) = {;siny 0<y<m

0 otherwise.
(a) Verify that f is a valid probability density function.
(b) Find E(Y').

3
(c) Find P (g <Y < %) giving an exact answer.
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<Vl HARD | Calculator [5 marks]

The continuous random variable X has probability density function

f(x):{%ﬂ 1<x<3

0 otherwise.
Let Z =5X — 2.
(a) Find E(X) and Var(X). (3]
(b) Find E(Z) and Var(2). (2]
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Mark Schemes

Q1 — Find k for a Polynomial pdf EASY

3
For a valid pdf, both f(z) > 0 on [0, 3] (satisfied since k£ > 0) and / kz?dz = 1.
0

3 xg 3
k/ x2dx=k[?] =k-9=1 M1
0 0
9k =1 (A1)
k=1/9 Al

Q2 — Mode of a CRV by Calculus EASY

3 3
Since f(x) = ng is an increasing function on [0, 2], f(z) = Vi 0forz € (0,2). M1
Therefore f is strictly increasing on the support [0, 2], so the maximum occurs at x = 2. R1
Mode = 2 Al
Q3 — Probability for a Uniform CRV EASY
!
P(2§X§4):/de M1
2

1 1
=(4—-92)=-x2 Al

7(4-2) =7 x (A1)
P2<X<4)=1/2=05 Al
Note: Accept 0.5.

Q4 — Mean of a Polynomial CRV EASY

3 3
3 3
Using GDC to evaluate E(X) = / r-—x2dr=— | z3dx M1
AT 2 ,
3 [a* 3 80 240
GDC: fnint( 223, 2,1,3) gives — [—| = — ="+ Al
nint(2 3, z,1,3) gives e [4]1 5 1= T (A1)
E(X) = 30/13 ~ 2.31 A1

Note: Accept 30/13 or 2.31.
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Q5 — Median of a Uniform CRV EASY

HI

m
1
The median m satisfies / —dr = = M1
L2 2
1 1
m=1 Al
Note: m = 1 € [0, 2], so it lies within the support.
Q6 — Probability for a Quadratic CRV EASY
>3
Using GDC to evaluate P(0 < X < 2) = / aﬁ dz M1
0
3 [z 3 8 8
GDC: fnint( 2 22 2) gives — |——| = 2.2 =2 Al
nn(64x,x,0,)g|ves64[3}o s = (A1)
PO<X<2)=1/8=0.125 Al
Note: Accept 0.125.
Q7 — Mean of a Product Polynomial CRV EASY
1og 3 1
E(X):/ .1:-—1’(2—1‘)(11‘:—/ (222 — 23)dz M1
0 2 2 Jo
3722° 2%1° 3,2 1\ 3 5
L e :_(___):_._ (A1)
21 3 4 9 2\3 4 2 12
E(X)=5/8=0.625 Al

Q8 — Mean of a Linear CRV EASY

5
1
With f(z) = 1/20 (z 4+ 2) on [1, 5], using GDC to evaluate E(X) = / o5
1
2x) dx
L 1 7 1124

GDC: fnint( 55 (22 + 22),x,1,5) gives = |= +z2| == (—)
1

E(X) = 49/15 ~ 3.27

Note: Accept 49/15 or 3.27.

r

1P
(x+2)dx:—/(x2+
20 J,

M1

(A1)

Al
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Q9 — Find k Then Probability for a Linear pdf EASY

4 994
(a)/ kxdm:k[m—] —8k=1,50k=1/8 A1
0 2 0
(b) Using GDC: fnint($z, z,1,3) M1
17221 1,9 1\ 1
PA<X<3)==-|—| =2(=2=2)==x4=1/2 Al
(1=X=3) 8[2]1 8(2 2) g x4=1
Note: Accept 0.5.

Q10 — Median of a Quadratic CRV EASY

9 1
With f(z) = 2/9 (52 — 2% — 4) on [1, 4], the median m satisfies / 5(590 —2%2—4)dx = 5 M1
1
Using GDC: solve fnint(2 (52 — 22 — 4),2,1,m) = 0.5 form € [1,4] (A1)
m=5/2 Al

Note: m = 5/2 = 2.5 € [1,4], so it lies within the support. By symmetry of f about 2 = 2.5, the answer
may also be verified analytically.

Q11 — Finding k for a Polynomial pdf MEDIUM

4
For f to be a valid pdf, / k(4x — 2?)dxr = 1and f(x) > 0on [0, 4]. M1
0

4

3
Integrate: k [2 4 %] =1

0

k<2(16)—%—4>:1:>k(32—%4):1 Al
32

o e =1l Al

K 3

k=3/32 Al

Note: Award full marks only if the total integral condition is stated. The condition f(xz) > 0 on [0, 4] must
be acknowledged.

Q12 — Value of ¢ and E(X) MEDIUM

(a) For a valid pdf: / 3x2 dr =1
| 16
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3 03 3
— —=1= —=1= 3=16
163 6 ¢
c= V16 A1l
¢ 3 3ct
QIEeY /0163633 16 4 64
ct = (c?)-c=16V16 = 16¥/° A1l
3-16%3 3 3v/16
E(X) = = — . J6l/3 =="— A1
(X) 64 4 4
Note: Accept equivalent exact forms such as %c where ¢ = V/16.
Q13 — Probability and Median of a Linear pdf MEDIUM
2101
(a) P(T < 2) = / (— - —t> dt M1
b \2 8
Using GDC (numerical integration, limits O to 2, integrand 0.5 — 0.125¢):
[t 2] 4
12 16, 16
P(T<2)=3/4 Al
™11 1
b) Set ———t]|dt= = M1
(b) /0 (2 8 ) 2
m  m? _ 1
2 16 2
Using GDC to solve: m ~ 1.17 minutes (to 3 s.f.) Al
Note: Exact solution: m? —8m +8 =0 = m = 4 — 2v/2 ~ 1.17; accept exact or decimal form. The
root m = 4 + 2v/2 ~ 6.83 lies outside [0, 4] and must be rejected.

Q14 — Variance of a Quadratic pdf MEDIUM

13 3 1
E(X):/ —x2(2—:c)d:c:—/(2x2—a:3)da: M1
0 2 2 0
37228 241" 3,2 1\ 3 5
_§[T_Z]O_§<§_Z>_§'E_S/g A
1 A il
3 3zt =z 3/1 1\ 3 3
EXY) = [ -2?@2—x)dz=2 | —— =—<———)=—-—=920 e
()/02:1:( x)xz[z 5]0225 2710~ Y
9 5\2 9 25 288 250
Var(X) = — — (2) = 2 22 _ 298 =97
ar(X) = 55 (8) 20 64 640 640
Var(X) = 19/320 Al
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Q15 — CDF with Unknown Constants MEDIUM

Differentiate: f(z) = F/(z) = 3ax? 4+ 2bz for 0 < z < 2 M1
Condition f(1) = %: 3a+2b=3/4 A1l
Condition F'(2) = 1: 8a +4b =1 M1

3a+2b = 3/4

Using GDC to solve the system
8a+4b=1

. 1 1 o 1 3
From the second equation: 2a + b = T sob = 1 2a. Substituting: 3a + 2 (Z — Qa) =1 =

1 1
R i :

Q16 — Probability Mode and Mean of a Linear pdf MEDIUM

6
(a)P(X>3)=/ 1—18(6—x)dx M1
3

Using GDC (numerical integration, limits 3 to 6, integrand (6 — z)/18):
6

1 x? 1 9 1 9
- -2 - - (-] -

P(X>3)=1/4 Al
1
(b) f(z) = 1—8(6 — x) is strictly decreasing on [0, 6], so the mode is = = 0. Al
% 2(6 — )
0

Note: For part (c), GDC command: numerical integration, integrand (6 — x) /18, limits O to é, giving 2.

Q17 — Exponential pdf: Probability and Median MEDIUM

3
(a) P(1 < X <3) = / 0.4e~04% dyy M1
1

Using GDC (numerical integration, integrand 0.4e=%4%, limits 1 to 3): unrounded e 4 — ¢ 12 =
0.369126 ...
P(1< X <3)~0.369 Al
Note: The exact value is e %% — e~12: do not round to e~'2 alone.

m
(b) Set/ 0.4e7 %4 dz = 0.5:

0
1—e04m =05 M1
In2

Solving with GDC (equation solver or algebra): e 04™ = 0.5 = m = 8—4 unrounded 1.7328 ...
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l Median ~ 1.73 minutes Al J
Q18 — Show k and Find Mode MEDIUM
3
(a) For a valid pdf: / kzx(9 —z?)dz =1 M1
0
922 g471° 81 81 81
g9 _ 2 :k<___) _p g
2 4 a 2 4 4
k=4/81 AG

Note: Both conditions (f = land f(z) > 00n |0, 3], since 9 — 2% > 0 for x € [0, 3]) must be cited for full
credit on (a).

4 4
(b) To find the mode, maximise f(z) = gx(Q —z?) = 5(91: —z3). M1
/ 4 2 2 ;
f(z) = 8—1(9—395 )=0 = 22=3 = =3 (sincex €[0,3))
Mode = /3 A1

Note: sqrt(3) ~ 1.73.

Q19 — E(X) and Var(X) by GDC  MEDIUM

With f(z) = 1/15 (22 + 2) on [0, 3]:

3
(a) E(X) =/ %x(mz +2)dx M1
0

Using GDC (numerical integration, integrand %x(aﬁ + 2), limits O to 3): unrounded 1.95 exactly.
E(X)=1.95 Al
Note: Exact value 39/20 = 1.95.

3
1
(b) E(X?) :/ —z%(2? +2)dx M1
15
Using GDC (numerical integration, integrand %332(.%2 + 2), limits 0 to 3): unrounded 4.44.
Var(X) = 4.44 — (1.95)2 = 4.44 — 3.8025 = 0.6375 ~ 0.638 Al

Note: Exact value Var(X) = 51/80 = 0.6375, which rounds to 0.638 (3 s.f.).

Q20 — Validity and Median of a Piecewise pdf MEDIUM

(a) Check f(z) > 0: both pieces are non-negative on their respective domains (z/8 > 0 for xz € [0, 2];
1/4 > 0forz € (2,5]). M1
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Totalarea—/zzdx—i—/s)ldx— x_22+[£r—i+(§_g> L
)y 8 b 47 [16], l4ly 16 \4 4/ 4
n

Since f(z) > 0 onits support and the total area is exactly 1, f is a valid pdf.

.3
4

2
1 1
(b)Since/ Edar::—<—,themedian|iesin (2,5].
8 472
1 m-—-2 1 m—2 1
At 2:> 1 4:>m = m=3
Median = 3

is not required for validity.

=1

Note: The two pieces agree at the join (f(27) = f(27) = 1/4), so f is also continuous, though continuity

Al

M1

Al

Q21 — Show k and Find E and Var HARD

2 12
(a)/ k(4x—x3)dx:k[2x2—ﬂ = k(8 —4) = 4k M1
0 0
Setting 4k = 1 gives k = 1/4.
Since4x—x3:x(4—x2)20f0r0§:v§2,f20. AG
2 2 3 5
1 1 1 {4z T
b) E(X) = Cr—adde=- [ a2 —abde = | — M1
WEK) = [0 taa—a)a =G [ —atyio= 3| 5 - 5|
_1<32 32)_1 64
- 4\3 5) 4 15
E(X) = 16/15 A1
1 [ 1 261° 1 64\ 1 32
EX2) == [ (42 —2%)de == |2t — — :-<1 ——>:—-—:4
()4/0(1: %) dz 4[95 6]0466 2 =43
4 /16\> 4 256 300 — 256
V X = — — _— el ——
ar(X) =3 (15) 37 225 925
Var(X) = 44/225 Al
Q22 — Piecewise pdf: Continuity and Validity HARD
Continuity att = 1: f(17) =a(1)?> =aand f(17) =b(2—1) = b,s0b = a. M1
1 2 tS 1 t2 2
Total integral equals 1:/ at2dt+/ a(2—t)dt:a[—] +a{2t——] M1
0 1 3 0 2 1
1 1 a 1 5a
— . 4—2)— (22 - =" =1 = = Al
a 3+a[( ) < 2)] 3+a =5 = a=6/5b=6/5
°6
P(T>1.5):/ 8o t)ar
159
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Using GDC (fnint, $(2 —t), ¢, 1.5, 2): result = 0.15 M1
P(T >1.5) =0.150 Al
Q23 — CDF to pdf and Mode HARD
(a) P(X < 0.5) = F(0.5) = (0.5)%(3 —2(0.5)) = 0.25 x 2 = 1/2 Al
d
(b) f(z) = F'(z) = — [22(3 — 22)] = 22(3 — 22) + 2?(—2) = 6z — 62> M1
6x(1 — 0<z<1
flwy= o) O<o< A1
0 otherwise
(€) f'(z)=6(1—22)=0 = x=1/2 M1
f”(x) = —12 < 0, confirming a maximum. Mode = 1/2 Al
Q24 — Median and Variance of a Symmetric pdf HARD
, e (3, 1
(a) The median m satisfies 2% dr = X M1
Ll
231" 1 m3 1 3
il S R e = = M1A1
{2}_1 2:> 2+2 2:>m 0 = m=0
Note: m = 0 liesin [—1, 1], so it is valid.
1og 3 1
(b) E(X) = / x- 5:52 dr = 5 / 22 dx = 0 (odd integrand on symmetric interval)
Ll Ll
1
3 3 2
E(X%) = [ Saldz=z-:= it
(X?) [1 50 dT =3¢ 3/5
3 2
Var(X):g—O =3/5 Al
Q25 — Show c; E and Var via GDC HARD
3 3
(a) / cw(3 —w)? dw = c/ (9w — 6w? + w?) dw M1
0 0
. 9 27
Using GDC (fnint, w(3 — w)*, w, 0, 3) = i
2
C'Z’?:l = c=4/217.
Since w(3 —w)? > 0for0 < w < 3, f > 0. AG
(b) Using GDC (fnint, - - w?(3 — w)?, w, 0,3): E(W) =12 =6/5 M1A1
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Using GDC (fnlnt, s w (3 w) w,0,3): E(W?) =18=9/5

45 — 36
Var(W) - — —
ar( ( ) =
Var(W) = = Al
Q26 — Exponential-type pdf: Show k Median and Interpret HARD
(a) / le P12 dl: let w = 12/2, du = L dl, so integral = / e vdu=1. M1
0 0

Thereforek-1=1 — k =1.
Since le™*/2 > 0forl > 0, f > 0. AG

(b) Median m satisﬁes/ le P12 q] =
0

[—642/2]“1 _1_em2_ 1 M1
0 2

1
e ™2 = 5 = m? =2In2 = m = +v/2In2 ~ 1.18 hundreds of hours A1l
(c) Half of all components last fewer than approximately 118 hours before failing. R1

Q27 — Mode by Symmetry and E and Var via GDC HARD

(a) The pdf is symmetric about = 2 on [1, 3], so the mode = 2. Al
(b) E(X): Using GDC (fnint, z - %(x —1)(3— 1), , 1, 3): result = 2.00 M1A1
E(X?): Using GDC (fnint, z2 - 3(z — 1)(3 — ), z, 1, 3): result = 4.20

Var(X) = 4.20 — (2.00)2 = 0. 200 M1A1
Note: Exact values are E(X) = 2, Var(X) = 1/5.

Q28 — CDF Exact Median and Symmetry HARD

°3
(@) For0 <z <2: F(z) = / §t2 dt = 23/8 M1
0

0 <0
Flz)=<23/8 0<x<2 Al

1 x> 2

m3 1

(b) F(m) = = m3 =4 = m=v4=413ie 41/3) M1A1
Note: 4'/3 ~ 1.587 € [0, 2], so valid.
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l (c) By definition of the median, P(X > m) = 1/2.

Al

Q29 — Sinusoidal pdf: Verify E and Exact Probability HARD

1
(@) f(y) = §siny > 0for0 <y < 7sincesiny > 0on [0, 7]. R1
1 1 1
/0 Esinydyzi[—cosy]o25(1—1—1):1 Al
(b)E(Y) = / %sinydy. Integrating by parts: u = y, dv = %sinydy. M1
0
1 o 1 . 1
= [~ycosy +siny|, = 5 [(—=mcosm + sinm) — 0] = 5(77)
E(Y) =m/2 A1l
@ 3y 1 sra 1 (V2 V2
@P(F <Y <) =gleosll =3 (7*7
= sqrt(2)/2 Al
Q30 — Linear Transform: E and Var of Z
3 8 60 30
i 2 13 B X)=— - —=—=—~231
(a) Using GDC (fnint, 5527, z, 1, 3): E( ) %6 4 % — 13 2.3 M1A1
3 242 726 363
Using GDC (fnint, 224, 2,1,3): E(X?) = — - ——— = — =_—_ 5.
sing (fnint, 552 x2 ): E(X?) 56 F 130 — 65 5.585
363 30 363 900 363 x13—900x5 4719 —4500 219
Var( X ) = —— | —=| =—— — = = = — ~0.259 Al
ar(X) = 55 (13) 65 169 845 845 g5~ 0-2
30 150 26 124
b)E(Z) =5E(X)—-2= — —2=— - — = — =~ 9.54 M1A1
(b) E(Z) = 5E(X) 5X 13 3 13 13 00
219 5475 1095
Var(Z) =52Var(X) =25 x — = —— = —— ~ 6.48
ar(Z) ar(X) =25 % 5 = 845~ 169
Note: Var(Z) = 1095/169 ~ 6.48.

Common Mistakes to Avoid

2. Forgetting to reject extraneous median roots. Solving F'(m)
every root outside the stated support must be explicitly rejected with the reason “outside the support”.

1. Checking only one validity condition. Students verify [ f(x)dz = 1 but forget to confirm f(z) > 0
on the support (or vice versa). Both conditions must be stated and checked for full marks.

% often yields more than one root;
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3. Computing variance as E(X?) alone. A common error is writing Var(X) = E(X?) and omitting
—[E(X)]?. Both integrals must be shown and the subtraction performed.

4. Applying the variance formula for linear transformations incorrectly. Students write Var(a X + b) =
a®Var(X) + b instead of a?Var(X); the additive constant b has no effect on variance.

5. Omitting the split at joins in piecewise pdfs. When a pdf is defined in pieces, the total integral must
be separated at every join. Treating the whole domain as a single expression gives an incorrect value.

6. Confusing mode with mean. The mode is the z-value that maximises f(x), found by differentiation or
inspection; it is not the same as E(X). Always maximise f, not x f(x).
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