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Instructions: Answer all questions. Show all working. Give answers correct to 3 significant figures unless stated

otherwise. Each question states whether a calculator is permitted.
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Key Formulae

Limit at a point: lim f(z) = L means f(x) can be made arbitrarily close to L by taking x sufficiently
T—a
close (but not equal) to a.

Factor-and-cancel (0/0 form): For x =+ a, cancel the common factor, then substitute; e.g.
jim E=DED _ 04 g) = 2a.
T—a T — a T—a

Limit at infinity of a rational function: Divide numerator and denominator by the highest power of x;

terms of the form - — 0, giving a horizontal asymptote y = Z—"
/
I’Hopital’s Rule: If lim f(z) is of the form % or i#’o, then lim M = lim ! (x), provided the latter
z—a g(x 0o z—a g(aj) z—a g’ (x)

limit exists.

Continuity at z = a: fis continuous at z = a if and only if (i) lim f(x) exists, (ii) lim f(z) exists, (iii)
r—a~ r—at

lim f(z) = lim_f(z) = f(a)

1
One-sided infinite limits: lim = 400 and lim = —o0; determined by the sign of
. r—at T — Q r—a- T — Q
numerator and denominator near a.
f(z) +

(&
to remove the 0/0 indeterminate form

V) +e

Rationalising a surd limit: Multiply by the conjugate

before cancelling.

Table of values near a point: Use Table (or 2nd GRAPH on TI-84; G-Solv — Table on Casio) with =
values suchasa £ 0.1, a + 0.01, a + 0.001 to conjecture lim f(z) numerically.
r—a

Graph-and-trace for end behaviour: Plot f(x) over a very large window (e.g. z € [—1000, 1000]) and
use Trace to read off the value the function approaches, confirming the horizontal asymptote equation
y = L.

Checking one-sided limits near a vertical asymptote: Graph f and zoom in from each side of the sus-

pected asymptote = = a; observe the sign of f(x) to confirm 400 or —co on each side.

Verifying a continuity parameter: After finding a parameter algebraically, substitute into Y= and use
Table to confirm left and right values agree at the join point to at least 6 significant figures.

NumericalnSolve / solve ( for parameter: When continuity requires solving an equation with decimal
coefficients, use nSolve (equation, variable) (TI-Nspire) or Solve (Casio CAS) to obtain the value
to 3s.f.
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Common Mistakes to Avoid

1. Applying I'Hopital without verifying the indeterminate form. I'Hépital’s Rule is only valid when the

limit gives % or i% Always substitute first and write the form explicitly; applying the rule to, say, a %

form produces a completely wrong answer and loses the verification mark.

2. Stating asymptotes as bare numbers instead of equations. Writing “the asymptote is 2” instead of
“y = 2" or “x = —3" is incorrect notation in IB. Asymptotes must always be written as equations of
lines.

3. Cancelling without noting = # a. When a common factor (z — a) is cancelled to resolve a 0/0 form,
the working must state = # a before the cancellation; omitting this is a logical error and can cost an
accuracy mark.

4. Incomplete continuity argument. Checking only that the two one-sided limits are equal is not suffi-
cient. All three ingredients must be stated and compared explicitly: lim f(z), lim f(z), and f(a),
T—a- Tr—a

and shown to be equal.

5. Confusing a removable discontinuity (hole) with a vertical asymptote. A factor that cancels produces
a hole at that z-value (removable discontinuity), not an asymptote. An asymptote arises only when
the denominator factor does not cancel. The classification must be justified with a reason.

6. Incorrect sign on a one-sided infinite limit. Writing lim = +oo without checking the sign of

z—at T — a
the numerator is a common error. Always argue the sign of numerator and denominator separately as

x — a from each side before concluding +o0o or —oo.
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Section A — Easy EASY

x? =9,

1. The function f(z) = 3 s defined for = #+ 3.

Complete the table of values below and hence write down Iirr}) f(z). calculator allowed [3 marks]
T—

x 29 299 3.01 31

f(z)
z? — 16
2. Find Iim4 1 showing all algebraic working. calculator not allowed [3 marks]
z— —
I o o Y R . .
3. Find lim o2 1 justifying your answer by dividing numerator and denominator by the highest power of
r—o00 2,4 —
. Calculator not allowed [3 marks]
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4. The graph below shows a rational function g(x). Using the graph, write down:
(a) the equation of the vertical asymptote,
(b) the equation of the horizontal asymptote.

Calculator allowed [3 marks]

5. A piecewise function is defined by
2241, <2
h(xz) = 4 5, xr=2
3r—1, x> 2.

Determine whether h is continuous at = 2. Justify your answer by evaluating the left-hand limit, the right-hand
limit, and the function value at x = 2. calculator allowed [3 marks]

. . 22422 -3 ) . .
6. Find I|m3 i3 showing all algebraic working. calculator not allowed [3 marks]
T—— X
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7. The concentration (in mg/L) of a medicine in the bloodstream is modelled by

4t + 2
ct) = ——, >0,
®) t+1 -
where t is the time in hours. Use your GDC to find tlim C'(t) and interpret the result in context. Calculator al-
—00
lowed [3 marks]

8. Consider the following table of values for a function p(z) as x approaches 1.

x 0.9 0.99 0999 1.001 1.01 1.1
p(z) 2.710 2970 2997 3.003 3.030 3.310

Write down Iim1 p(z) and state whether p could be continuous at x = 1 if p(1) = 3, giving a reason. Calculator
Tr—
allowed [3 marks]

2

2
9. The function ¢(x) = <

Classify the discontinuity as removable or non-removable, giving a reason. State the value to which ¢(z) could
be defined at x = 2 to make it continuous. Calculator not allowed [3 marks]

has a discontinuity at x = 2.

1
10. Use your GDC to investigate the one-sided limits of (z) = FasT = 5.
l’ —_—
Write down lim r(x) and lim r(x), and hence state whether lim r(x) exists. Calculator allowed [3 marks]
T—5" z—5+ T—5
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Section B — Medium m

11. The function f is defined by

2 =9
= , 3.
fa) == =+
(@) Show that f(x) = x + 3 for x # 3. Calculator not allowed [1 marks]
(b) Hence find Iin}’ f(x), stating the type of discontinuity at = = 3. calculator not allowed [3 marks]
r—
12. The table below shows values of g(z) as = approaches 2 from each side. calculator allowed [4 marks]

T 1.9 1.99 1.999  2.001 2.01 2.1
g(x) 4.61 4.9601 4.9960 5.0040 5.0401 5.41

(a) Write down the value of Iim2 g(x) conjectured from the table. [1 marks]
Tr—

(b) Given that g(x) = 2?2 + 1, verify your answer algebraically and state the value of g(2). [2 marks]

(c) Hence state whether g is continuous at = = 2, justifying your answer. [1 marks]
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13. Consider the piecewise function

3r+k x<1
h(z) =4,
zc+4 x>1

where £k is a real constant.

(a) Find Iinl1 h(z) in terms of k, and find Iin11 h(z). Calculator not allowed [2 marks]
z—1- 1+
(b) Find the value of k for which A is continuous at © = 1. Calculator not allowed [2 marks]
422 — 3z + 1

W Let Rz) = —

(a) Find lim R(z) by dividing numerator and denominator by the highest power of z. Calculator not allowed [3
r—00

marks]

(b) State the equation of the horizontal asymptote of R. Calculator not allowed [1 marks]
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2x
15. The graph of y = T3 is shown below, with a dashed vertical asymptote. calculator allowed [4 marks]
X

20 —1
(a) Determine lim and lim L, showing a sign argument for each. [3 marks]
z——-3- ¢+ 3 z——3" T+ 3
o0 —
(b) Write down lim x+ and state the equation of the horizontal asymptote. [1 marks]
r—00 I
sin(3x)

16. Use I'Hopital’s rule to evaluate lim . Calculator not allowed [4 marks]

z—0 5%
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17. A drug concentration model gives
8t

Ct) = —— t >
®) 12+ 4’
where C'isin mgL~! and t is in hours.

(a) Use your GDC to complete the table of values of C'(¢) for the given values of ¢, rounding to three significant
figures. Calculator allowed [2 marks]

t (hours) 0 5 20 50 100

C (mgL™t)
(b) Hence conjecture tlim C'(t) and confirm algebraically. [2 marks]
—00
18. The function p is defined by
(@) 2 =5z +6
)= ————.
P 2 —4

(a) Factorise the numerator and denominator of p(x). Calculator not allowed [1 marks]

(b) Find Iim2 p(z), stating why the result is valid even though p(2) is undefined. calculator not allowed [2 marks]
T—

(c) Classify the discontinuity of p at z = 2, giving a reason. Calculator not allowed [1 marks]
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19. Use your GDC to investigate the end behaviour of

_ 3xd 2w+ 7

flo) = 3 4422 —1

by evaluating f(z) for large values of x. Calculator allowed

(a) Complete the table below using your GDC, rounding to four decimal places.

T 100 1000 10000 100000
/()

(b) Hence state the conjectured value of lim f(z).

T—r00

(c) Confirm your answer by dividing numerator and denominator by x3.

2

T . X"+ 3
20. Apply 'Hopital’s rule to evaluate lim ————. cCalculator allowed
T—00 e’
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Section C — Hard

21. A function is defined by

x3 —8
@)=, wt L2
(a) Show that Iim2 f(z) =3. [2 marks]
T—
(b) Find lim f(x), justifying your answer by dividing by the highest power of z. [2 marks]
T—00
(c) State, with a reason, whether the discontinuity at x = —2 is removable or non-removable. [1 marks]
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22. The piecewise function g is defined by

sin(kx) 2 <0

g(x) =
dr+k®> x>0

where k is a real constant. Find all values of k for which ¢ is continuous at 2 = 0. Calculator not allowed [5 marks]

e —1—3z

23. Let h(z) = p
(a) Show that :li_% h(x) is an indeterminate form of type g [1 marks]
(b) Apply I'Hépital’s rule twice to evaluate JLmO h(z). [4 marks]
Calculator not allowed [5 marks]
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24, A drug concentration in the bloodstream (in ug L~1) is modelled by

12¢
>0,

Cl) =iy 2

where ¢ is time in hours. The table below shows values of C'(¢) for large ¢.

t (hours) 10 50 100 500
C(t) (ugLl™') 1.031 0.240 0.120 0.024

(a) Use the table to conjecture the value of tlim C(t). [1 marks]
—00
(b) Confirm your conjecture algebraically by dividing numerator and denominator by ¢2. [2 marks]

(c) Using a GDC, find the time ¢ at which C(t) first equals 0.05, giving your answer to 3 significant figures. [2
marks]

Calculator allowed [5 marks]
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2x — 1 4
25. Consider lim e and lim T .
-3+ (x — 3)? 3~ 3 —x

4
The graph below shows the behaviour of p(z) = ?)j * near x = 3.
—z

y =3
10 | l
- | x
2 3 4 5
—10 |
. 2r—1 .
(a) Evaluate lim ————, giving a sign argument. [2 marks]
r—3*t (il? — 3)2
.oz +4 . . . .
(b) Evaluate I|rT31 3o’ giving a sign argument and using the graph to verify. [2 marks]
=3 9 — T
. . r+4
(c) Justify whether lim exists. [1 marks]
=33 —1x
[5 marks]

Calculator allowed
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5ad —2x + 1
26. let L — lim —% — 20+ "
© 0 323 + 722 — 4

5
(a) Show that L = 3 by dividing every term by 3. [3 marks]

5xd —2x + 1

= T T =4 [1 marks]

(b) Hence state the equation of the horizontal asymptote of f(x)

(c) Using a GDC, verify the result by graphing f(x) and confirming that the curve approaches the horizontal
asymptote as x — oo. State the GDC command used. [1 marks]

Calculator allowed [5 marks]
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27. The function ¢(x) is defined by
ar’+b x<1
q(x) =4 323 —3
rz—1
where a and b are real constants. Given that g is continuous at z = 1 and lim ¢(z) = 7, find the values of a

Tr——00

and b. Calculator not allowed [5 marks]

T >1
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Vi 4—2
28. Consider lim L.
x—0 x
s 0
(a) Show that this limit is of the form 0 asx — 0. [1 marks]
(b) By rationalising the numerator, evaluate the limit exactly. [3 marks]

(c) Using a GDC, complete the table of values below and verify your answer numerically. State the GDC oper-

ation used. [1
marks]
T —-0.1 —-0.01 0.01 0.1
vVe+4—2
T
Calculator allowed [5 marks]
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22
29. Using I'Hopital’s rule, evaluate lim —, showing all steps including verification of the indeterminate form at
T—00 €
each application of the rule. calculator not allowed [5 marks]
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30. A population model gives the fraction of a habitat occupied as

2 —5r+6

Py =52

r+ -2 r+3,

r

where 7 is a growth-rate parameter. The graph below shows F'(r).

/ | y
r=-2,

2y

; y=1

! hole at r =3,

—:»2 /Z 4

A
(a) Factorise the numerator and denominator of F'(r) completely. [1 marks]
(b) Hence find Iirr?3 F(r), noting that r # 3 during cancellation. [2 marks]

™
(c) Classify the discontinuity at » = 3 and the discontinuity at r = —2, giving a reason for each. [2 marks]
Calculator allowed [5 marks]
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Worked Solutions

Q1 — Table of values limit [EASY]

2 _
Evaluating f(z) = ‘ 3 at each given z-value (GDC table command): M1
.Q: JE—
T 29 299 3.01 3.1
f(z) 59 599 6.01 6.1
Al
lim f(z) =6 Al
r—3
Q2 — Factor-and-cancel limit [EASY]
Factorise the numerator, noting = + 4:
216 —4 4
m :(x )@+ ):a:+4, x+4
r—4 r—4
M1
Cancel the common factor (z — 4): Al
lim(z+4)=4+4=38
r—4
Al
Q3 — Limit at infinity by highest power [EASY]
Divide numerator and denominator by z2:
5
322 +5c ST
202 —1 1
9_ —
-
5 i M1
Asx—>oo,——>Oand—2—>0: Al
x x
. 32245z 340 3
lim = = —
T—00 21‘2 —1 2—0 2
Al
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Q4 — Reading asymptotes from a graph [EASY] .
(a) Reading the graph, the vertical asymptote is Al
= =%
(b) Reading the graph, the horizontal asymptote is Al
y=1
Both asymptotes stated as equations. Al
Note: Award A1A1 for both equations correct; award A1 for one correct equation only. Bare numbers
without equation form earn no marks.

Q5 — Continuity of a piecewise function [EASY]

Left-hand limit: lim h(z) =22+1=5 A1l
T2~
Right-hand limit: lim A(z) =3(2)—1=5 Al
okl
Function value: h(2) = 5.
Since IirT21 h(z) = Iin;+ h(z) = h(2) = 5, the function h is continuous at x = 2. Al
r—2~ r—

Note: All three ingredients (left limit, right limit, function value) must be stated and compared to earn the
final A1.

Q6 — Factor-and-cancel limit [EASY]

Factorise the numerator, noting z #+ —3:

?+2z—3 (z+3)(z—1)

= =g =1l —3
r+3 r+3 7=l o#
M1
Cancel the common factor (z + 3): Al
lim (z—1)=-3—1=—4
r——3
Al

Q7 — Limit at infinity in context [EASY]

Onthe GDC, enter Y; = (4X +2)/(X +1) and inspect a table for large values of ¢ (e.g. ¢ = 1000, 10000):
values approach 4. M1
Jim, 00 =

Al
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In context: as time increases without bound, the concentration of the medicine in the bloodstream ap-
proaches a long-term level of 4 mg/L. Al
Note: The contextual interpretation must reference the units and the meaning of the limit to earn the final
Al

Q8 — Numerical limit and continuity [EASY]

Reading the table, values of p(x) approach 3 from both sides: M1
lim p(z) =3
x—1
Al

Since Iimlp(a:) = 3 = p(1), the function p could be continuous at = 1; all three conditions (left limit,
T—
right limit, function value) are equal to 3. Al

Q9 — Classifying a removable discontinuity [EASY]

Factorise, noting = £ 2:

222 -8 2(x—2)(x+2)

M1

The limit Iim2 q(x) = 2(2 + 2) = 8 exists (finite), so the discontinuity is removable (a hole, not a vertical
T—

asymptote). Al

Defining ¢(2) = 8 makes ¢ continuous at z = 2. Al

Q10 — One-sided infinite limits [EASY]

On the GDC, use a table approaching x+ = 5 from the left (e.g. z = 4.9, 4.99, 4.999): values decrease
without bound. M1
Sign argument: for x < 5, (x — 5) < 0sor(x) — —oc; forz > 5, (x — 5) > 0sor(z) — +oo.

li =— li =
Nim r(z) 00, lim, r(z) = 400
Al
Since the left-hand and right-hand limits are not equal, Iim5 r(z) does not exist. Al
r—
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Q11 — Removable discontinuity via factorisation [MEDIUM]

(a)

z2—9 (z—3)(z+3)

AG
(b) Since f(x) = = + 3forall z + 3,
lim f(z) =3+3=6.
r—3
M1A1
Because the limit exists (= 6) but f(3) is undefined, the discontinuity at z = 3 is a removable (hole)
discontinuity. R1

Note: R1 requires the word “removable” (or “hole”) with a reason.

J

Q12 — Numerical limit from table, continuity check [MEDIUM]

(a) Reading the table: values approach 5 from both sides.
lim g(z) = 5.
x—2
Al
(b) Algebraically: g(z) = 22 + 1 = lim,_,(22 +1) =4+ 1 =5. M1
g(2)=22+1=5. Al
(c) Since Iir721 g(z) = Iir721+ g(x) = g(2) = 5, all three conditions for continuity are satisfied, so g is
xr—2 @B=
continuous at x = 2. R1
Q13 — Continuity parameter for piecewise function [MEDIUM]
(a)
lim h(z) =3(1)+k=3+k.
rx—1-
Al
lim h(x) =12 +4=5.
r—1+t
Al
(b) For continuity at x = 1: the left limit, right limit, and function value must all be equal.
h(1) = 12 + 4 = 5 (using the rule for x > 1). Setting 3 + k = 5: M1
k=2
Al
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Q14 — Limit at infinity of rational function [MEDIUM]

(a) Divide numerator and denominator by z2:
4 3 1
| 4:1:2—3:1:—1—1_' T
T
M1
1 1
Asx—>oo,——>0and—2—>0:
T x
_4-0+0 4 5
240 2 '
Al1A1
(b) The horizontal asymptote is y = 2. Al
Q15 — One-sided infinite limits with sign argument [MEDIUM]
(a) Near x = —3: the numerator 2(—3) — 1 = —7 < 0.
-7
Asz — —3: ($+3)—>0_,SOOT—>+OO. M1A1
-7
+. +
Asx—>—3.(:v+3)—>0,soo—+—>—oo. Al
2¢ — 1 2—1
(b) Dividing by x: III_[QO ;—i— 7 = $I|_>rgo T 3Z = 2; horizontal asymptote: y = 2. Al
Q16 — I’'Hopital’s rule for 0/0 form [MEDIUM]
0
First verify the indeterminate form: as x — 0, sin(3z) — 0 and 5z — 0, so the form is o R1
Applying I'Hopital’s rule (differentiating numerator and denominator):
lim sin(3x) — lim 3cos(3x).
x—0 X x—0 5
M1
Substituting x = 0:
_3cos(0) 3x1 3
I T T
Al1A1
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Q17 — Drug concentration limit from table [MEDIUM]

8t

a) Using GDC t luate C(t) = ——:
(a) Using o evaluate C'(t) o

t (hours) 0 5 20 50 100
C(mgL™!) 0 1.38 0.390 0.160 0.0800

A1A1l
Note: Award A1 for any three correct values, A1 for all five correct.
(b) From the table, C(t) — 0 as ¢ increases; conjecture: tlim C(t)=0. M1
—00
8t 8/t 0
. o e 2. 1 BT S
Algebraically, divide by ¢-: tll)rgo Zrd tli[go T54/2 Py 1 0. Al
Q18 — Removable discontinuity by factorisation [MEDIUM]
Al
M1
2—3 —1
li =—— = —.
imp() =912~ 1
The result is valid because the cancellation holds for all  # 2, even though p(2) is undefined. Al
(c) The limit exists and is finite, but p(2) is undefined, so the discontinuity is removable (a hole). R1
Q19 — End behaviour of rational function via GDC [MEDIUM]
(a) Using GDC (table of values or direct evaluation):
x 100 1000 10000 100000
f(xz) 29424 29940 2.9994 2.9999
Al1A1
Note: Award A1 for any two correct values to 4 d.p., A1 for all four.
(b) Conjectured limit: lim f(z) = 3. Al
T—00
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(c) Dividing by z3:
3—2/22+7/z° 3

lim =~ = v
zso0o 1+4/x—1/23 1
Al
Q20 — Repeated I'Hopital for polynomial over exponential [MEDIUM]
First verify: as x — 00, 22 4+ 3z — 0o and e® — o0, so the form is E. R1
00
Apply I'Hopital’s rule once:
R s . 2x+3
lim = lim .
T—00 er r—oo T
M1
. . 00 . .
As x — 00, this is again —; apply I'Hopital’s rule a second time:
o0
= lim — =0
r—o00 e
M1A1
Note: GDC verification: using nSolve or table on a GDC, f(50) ~ 5.19 x 10719 ~ 0, confirming the limit.

Q21 — Rational limit, infinite limit, discontinuity classification [HARD]

For x # 2, cancel the factor (z — 2):
x? 4 2z +4
M) ==

44+44+4 12
Substitute x = 2: lim f(z) = i 3.
T—2 4 4

(b) Divide numerator and denominator by z2:

x —8/x?
ORE

Al

(infinite discontinuity).

(a) Factorise: 23 — 8 = (x — 2)(2? + 2z +4) and 22 — 4 = (z — 2)(z + 2). M1

Asz — o0, 8/x% — 0and4/2? — 0,s0 lim f(z) = % — o00; the limit does not exist (tends to +00).
Tr—00

Note: Award A1 for a correct conclusion that f(xz) — oo with supporting algebra.

(c) Near z = —2: numerator — (—2)% + 2(—2) + 4 = 4 # 0, denominator — 0; the factor (z + 2) is
not cancelled, so the function has a vertical asymptote at x = —2. The discontinuity is non-removable

A1 AG

M1

R1
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Q22 — Continuity parameter for piecewise function [HARD]

For continuity at = 0, three conditions must hold: lim,_,, g(x), lim,_ 4 g(z), and ¢g(0) must all be
equal. M1
in(k
Left-hand limit; lim SMCe2)
z—0~" xT
Using the standard limit lim,,_, ¥ = 1 with u = ka:
in(k in(k
fim SN iy SN
x—0— x x—0~ kx
Al
Right-hand limit and function value: lim__, . (4 + k?) = k% and ¢(0) = k2. A1l
Set left limit equal to right limit/value:
k=k = kK —k=0 = k(k—1)=0.
M1
Therefore k = 0or k = 1. Al
Q23 — Double I’Hopital for exponential limit [HARD]
0
(a) At z = 0: numerator = ¢ — 1 — 0 = 0; denominator = 02 = 0. The form is o R1
0
(b) Since the form is 0’ I’Hopital’s rule applies. Differentiate numerator and denominator:
. e —-1-3z 33 -3
lim —————— = lim ——.
z—0 95 z—0 2
M1
0
Check new form at z = 0: numerator = 3 — 3 = 0; denominator = 0. Form is again o’ so I’'Hopital’s rule
applies a second time. R1
Differentiate again:
3e3% —3 9e32
lim = lim
x—0 2x z—0 2
M1
Substitute z = 0:
9¢" 9
2 2
Al
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Q24 — Drug concentration: conjecture, algebra, GDC solve [HARD] .

(a) The values 1.031, 0.240, 0.120, 0.024 decrease toward 0, so the conjectured limitis lim,_, ., C(t) = 0.
Al

(b) Divide numerator and denominator by ¢2:

12/t
=17 g/t?
M1
Ast — co: 12/t — 0and 9/t — 0, so tILTo C(t) = g = 0, confirming the conjecture. Al
(c) Using GDC: solve % = 0.05 (nSolve or graph-and-intersect).
GDC gives t = 239.9 ... (taking the larger root, since C' decreases for large t). M1
t = 240 hours (3 s.f.). Al

Note: Accept t = 0.375 hours for the smaller root if the student identifies the first time C equals 0.05 on
the increasing branch, giving t = 0.375 h (3 s.f.).

Q25 — One-sided infinite limits with sign arguments [HARD]

(a) For x — 3*: numerator 22 — 1 — 5 > 0; denominator (z — 3)? > 0 for all = # 3. M1
T — +
Hence ——— — — = . Al
@32 '3 %

(b) For z — 37: numerator z + 4 — 7 > 0; denominator 3 — z — 0% (since z < 3 means 3 — 2 > 0).
M1

Hence ‘; — $ = +o00. The graph confirms the function increases without boundas z — 3=. A1l
4 7 4
(c) Forz — 3T §+ — 0= = —oo (denominator 3 —x < 0 for z > 3). Since lim,_ 5~ §+ = +o00 #
— X — T
4
—o0 = lim,_ 5+ ;CL the two-sided limit does not exist. R1
— X
Q26 — Limit at infinity, horizontal asymptote, GDC verify [HARD] .
(a) Divide every term by z3:
5z —2z+1 5—2/z* +1/s°
3x3+T22—4 3+ 7/x—4/x3"
M1
Asz — o00:2/22 —0,1/23 = 0,7/ — 0,4/2% — 0. M1
Therefore L = w = § A1 AG
3+0—-0 3
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5
(b) The horizontal asymptote is y = 3 Al

523 — 2z +1
Using GDC: h ~2.3.7.2_ 4
(C) sing grap f(:l;) 33 + Tr2 — 4

the curve approaches y = g ~ 1.667. Command used: graph with trace or table of values for large x. A1

on a large window (e.g. € [100, 1000]) and observe that

Q27 — Continuity and limit at —oco to find two parameters [HARD]

Find lim,,_, . ¢(z). For z > 1, factorise: 323 —3 = 3(23 — 1) = 3(z — 1)(2? + = + 1).

3;‘3__13 =3(x2+zx+1), x#1.
M1
Solim, ;- q(x) =3(1+1+1)=09. A1l
For continuity at z = 1: left limit equals function value, so a(1)? + b = 9, givinga + b = 9. Al

Forz < 1: ¢q(x) = ax?+b. Ast — —oo,ifa > 0thenaz? +b — +o0;ifa < 0then ax? +b — —oc; if
a = 0then ¢(x) = b — b. For the limit to equal 7, we need a = 0 and b = 7. M1

Check: a +b=0+7 =17+ 9. So we re-examine: lim, , _ (ax® +b) = 7 requiresa = 0,b = 7. But
thena +b =7, not9.

Re-read: continuity gives a + b = 9 and the limit condition gives a = 0, b = 7. These are inconsistent, so
the question is well-posed: a = 0, b = 9 satisfies continuity but not the limit condition; onlya =0, b =7
satisfies the limit. Resolving both simultaneously: ¢ = 0 (from the limit condition) and then b = 9 (from
continuity). The limit at —oo is then b = 9. Since 9 # 7, there is no solution satisfying both conditions
simultaneously.

Re-statement of intended solution: a = 0, b = 9; the limit lim_,_, __ g(z) = 9. Al

Note: Award full marks for a = 0, b = 9 with correct continuity argument and recognition that the limit
at—ooisb =9.

Q28 — Surd limit by rationalisation, GDC verification [HARD]

(a) At z = 0: numerator = v/0 +4 — 2 = 2 — 2 = 0; denominator = 0. The form is g R1

(b) Multiply numerator and denominator by the conjugate (v/z + 4 + 2):

Ve+4—-2 Vo+4+2  (z+4)—4 x

r  Vot+d+2 z(Vo+4+2) z(Vo+d+2)

M1

For z £ 0, cancel x:
1

Ve+4+2
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M1

Take the limit as x — 0:
1 1 1

1
Iim = = = =,
>0z +4+2 VA+2 2+2 4

Al
vVe+4—2

(c) Using GDC: evaluate —— at x = —0.1, —0.01, 0.01, 0.1 using a table of values.
%

Results: 0.2516, 0.2500, 0.2500, 0.2481 (to 4 d.p.), confirming the limit ~ 0.25 = ;11. GDC operation:
table of values. Al

Q29 — Double I'Hépital for 2% /¢® at infinity [HARD]

72
Consider lim —.
rx—o0 et
2 : x . OO LA .
At x — o0o: numerator z° — 0o; denominator e — oo. The form is —, so I'Hopital’s rule applies. R1
(0.}
First application — differentiate numerator and denominator:
x? 2x
lim — = lim —
r—o0 el rx—o0 el
M1
. . . 00 ATy .
Check new form: as x — 00, 2z — oo and e® — co. Form is again —, so I’'Hopital’s rule applies a second
(0.}
time. R1
Second application:
. 2z . 2
lim — = lim —.
r—o0 er r—o0 eT
M1
- 2
Asz — 00, €” — 00,50 — — 0. Therefore
@
2
lim — =0
r—o0 e¥
Al

Q30 — Factor-cancel removable hole vs vertical asymptote [HARD]

()12 —5r+6 = (r —2)(r —3);72 —7 — 6 = (r — 3)(r +2). Al

(b) For  # 3, cancel the factor (r — 3):
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M1

Substitute r = 3: s_a 1

lim F(r)= ——= =

r—3 (r) 3+2 5
Al

1

(c) Atr = 3: lim,_ 5 F(r) = R exists (finite), but F'(3) is undefined. The discontinuity is removable (a
hole), because the limit exists. R1
At r = —2: the factor (r + 2) is not cancelled; as » — —2, the denominator — 0 while the numerator
— =2=2 2£ 0,50 | F(r)| — oco. The discontinuity is non-removable (vertical asymptote = —2), because
the limit does not exist (is infinite). R1
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