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IB Math AA HL — Topic 1
Further Complex Numbers

Polar & Euler Form - De Moivre - Roots of Complex Numbers - Complex Roots of
Polynomials

Difficulty | MEDIUM il HARD |

Questions 10 10 10
Total Marks 30 40 50
Scan me for help
Name: Date:
Score: /120

Instructions: Answer all questions. Show all working. Give answers correct to 3 significant figures unless stated
otherwise. Each question states whether a calculator is permitted.

Scan me for help

Key Formulae

e Polar/Euler form: z = r(cos @+ isinf) = rcisf = re’®, wherer = |z| > 0and 0 = arg(z) € (—n, 7).

e De Moivre’s Theorem: (7 cis 0)” = r"cis(nd) for alln € Z (and by extension n € Q).

e Multiplication & division: z; z, = 75 cis(6; + 6,); g cis(f, — 0,).
&y Uz

. 0 + 27k
e n-throotsof z = re'?: 2, = r1/7 cis(i

2
>, k=0,1,...,n — 1; arguments spaced il apart.
n n
¢ Real-coefficient polynomials: complex roots occur in conjugate pairs; if a + bi is a root then a — bi is

also a root.

¢ Multiple-angle identities: expand (cosf + isinf)™ by the binomial theorem, then equate real and
imaginary parts to obtain cos(nf) and sin(nf).

e Loci: |z — a| = kis acircle, centre a, radius k; arg(z —a) = aisarayfroma; |z —a| = |z —b| is the
perpendicular bisector of ab.
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m )

e Rectangular <> polar conversion: on the TI-Nspire use Menu > Number > Convert to Polar (or
Polar); on the Casio ClassPad tap Action > Complex > arg and abs to extract 6 and r separately.

e High powers as decimals: enter z™ directly in the CAS; confirm the imaginary part is zero (or real part
is zero) to verify the answer before rounding to 3 s.f.

¢ Polynomial roots: use polyRoots( on the TI-Nspire or solve ( in complex mode on the ClassPad to
find all roots; identify conjugate pairs and verify their product equals the constant term divided by the
leading coefficient.

e Smallest n by numerical search: store z and evaluate Im(z™) or Re(z") in a spreadsheet column for
n =1, 2, ... until the required condition is met to sufficient accuracy.

¢ Roots-of-unity polygon area / side length: plot the n roots as coordinates (r cos §,, rsin 6, ); use the
distance formula between adjacent vertices or the regular-polygon area formula %mﬂ2 sin(27/n), eval-
uated numerically.

e Principal argument check: after computing § = arctan(y/x) on the GDC, always verify the quadrant
using the signs of Re(z) and Im(z); adjust by +7 if needed to place § € (—, 7).

Common Mistakes to Avoid

1. Wrong principal argument quadrant. Students apply § = arctan(y/z) without checking the signs of
x and y, placing the argument in the wrong quadrant; always draw a quick sketch and adjust by +.

2. Missing roots when solving z"* = w. Only one or two roots are found instead of all n; every n-th root
question requires all n values with arguments 6, + 2%’“ fork=0,1,...,n— 1.

3. Incomplete De Moivre induction. Students omit one of the four required stages (base case, inductive
hypothesis stated, inductive step shown, conclusion named); all four must appear for full marks.

4. Forgetting the conjugate root. When a polynomial with real coefficients has complex root a + bz, the
conjugate a — bi must also be stated as a root and used to build the quadratic factor (z — a)? + b2.

5. Applying De Moivre to sums instead of products. Writing (z; + z,)™ = 2] + 2; De Moivre applies
only to a single complex number raised to a power, not to a sum.

6. Confusing modulus and argument after multiplication. Students add moduli or multiply arguments
instead of multiplying moduli and adding arguments; remember |z, z5| = r;ry and arg(z,25) = 6; +
92-
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Section A — Easy EASY
1. Let z = —3 + 3i, where i> = —1. Write down the modulus and principal argument of z, giving the argument
in radians. Calculator not allowed [3 marks]

2. letz =5 (cos% 4+ ¢sin %) Write z in the form a + bi, where a,b € R, giving exact values. Calculator not

allowed [3 marks]

3. Let z = 4¢'™/3. Write z in the form e and hence state its Cartesian form a + bi, giving exact values. calculator
allowed [3 marks]
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T
4. The complex number z has modulus 2 and argument 1 Find 25, giving your answer in the form a + bi where
a,b € R. calculator allowed [3 marks]

5. The polynomial p(z) = 23 — 422 + 62 — 4, where = € C, has aroot at z = 1 + 4. Write down all three roots
of p(x). Calculator allowed [3 marks]

6. Find all cube roots of 8, giving your answers in the form r¢* where » > 0 and —7 < 8 < 7. Calculator not allowed
[3 marks]
The diagram shows the three cube roots of 8 plotted on an Argand diagram.

Im(z)

Ji-0
2e Re(z)
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7. letz; = 3+4iand zy, = 1 + 2i, where i? = —1. Find |2, z,| and arg(z; z,), giving the argument in radians to
three significant figures. calculator allowed [3 marks]

8. The complex number w = /3 — i, where i2 = —1. Find the modulus and principal argument of w?, giving
the argument in radians to three significant figures. Calculator allowed [3 marks]

9. The locus of points z € C satisfying |z — (2 + )| = 3 is shown on the Argand diagram below. Write down the

centre and radius of this locus. calculator allowed [3 marks]

Im(2)

4

2

2+1
1 °
Re
-2-1\\123456(2)
-2
-3
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10. A complex number z satisfies 22 = —9. Find both values of z, where z € C. calculator allowed [3 marks]
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Section B — Medium m

11. Let 2 = —3 + 3i, where i2 = —1.

(a) Write z in the form rcis§, wherer > 0and —7 < § < 7. [2]
(b) Hence write z in the form re®. [1]
(c) State the modulus of z2. [1]
Calculator not allowed [4 marks]

12. Let w = 1 — /314, where i® = —1.
Find the smallest positive integer n such that w™ is a positive real number, showing your reasoning. Calculator
allowed [4 marks]
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13. The complex number z € C satisfies 22 = 5 + 124, where i = —1.
Find the two values of z, giving your answers in the form a + bi where a, b € R. Calculator allowed ~ [4 marks]

14. A polynomial p(z) = 23 — 72? + 41x — 87, where x € C.
Given that z; = 3 + 61 is a root of p(z), find all three roots, justifying any complex roots obtained. calculator
allowed [4 marks]

15. Use De Moivre's theorem to show that
cos 30 = 4cos> 6§ — 3 cosf.

Calculator not allowed [4 marks]
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16. Let 2 = 2¢'™/% and w = V2 €'™/4, where i2 = —1.

3

(a) Find %

3
(b) Find arg( c

w?

Calculator allowed

17. The diagram shows the three cube roots of w = 8: plotted on an Argand diagram.

) , giving your answer in the form kw where k € Qand —1 < k < 1.

(2]

(2]

[4 marks]

Find the other two cube roots of 8, giving exact values in the form a + bi where a,b € R. Calculator al-

lowed
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18. The complex number z € C satisfies |z — 4| = |z — 2i].

(a) Show that the locus of z can be written as y = 2z — % where z = x +iyand z,y € R. [3]
(b) State the y-intercept of this locus. [1]
Calculator allowed [4 marks]

19. The complex number z € C satisfies |z — (3 + 2i)| = 3.
The diagram shows the locus of z on an Argand diagram.

; Re(z)
_1 +
(a) Write down the centre and radius of this circle. [1]
(b) Find the two values of z with the greatest and least modulus, giving answers in the form a + bs. [3]
Calculator allowed [4 marks]
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20. Use mathematical induction to prove De Moivre’s theorem:
(cosf + isinf)™ = cosnb + isinnf

for all positive integers n, where 8 € R and i2 = —1. calculator not allowed [4 marks]
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Section C — Hard m

21. Let z = 1 + i1/3, where 2 = —1. Calculator not allowed [5 marks]
(a) Express zin the form r7e?, where r € R* and 0 € (—, 7]. [2 marks]
(b) Using De Moivre’s theorem, show that 25 = 64. [2 marks]
(c) Hence state the value of (1 + i\/§)6 + m. [1 marks]

22. Use mathematical induction to prove that (cos 6 + isin 0)"™ = cos(nf) + isin(nf) for all n € Z*. calculator
not allowed [5 marks]
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23. Calculator allowed [5 marks]
The complex number w = 3 + 44, where i2 = —1.

(a) Write down |w| and arg(w), giving arg(w) in radians to three significant figures. [2 marks]

(b) The complex number u satisfies |u| = 5 and arg(u) = arg(w) + % Express u in the form a + bi, where

a,b € R, giving your values to three significant figures. [3 marks]

24. Let p(z) = 2% — 423 + 1422 — 362 + 45, where z € C and all coefficients are real. calculator allowed[5 marks]
It is known that z; = 2 + 3iis aroot of p(z).

(a) Write down another root z, of p(z), justifying your answer. [1 marks]
(b) Show that p(z) = (22 — 4z + 13)(2? — az + b) for integers a and b to be determined. [2 marks]
(c) Hence find all four roots of p(z). [2 marks]
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25. Use De Moivre’s theorem to show that calculator not allowed

cos(50) = 16 cos® § — 20 cos® # + 5 cos 6.

™

[5 marks]

Hence find the exact value of cos( 5) given that cos<5> > 0 and that 162* — 2022 + 5 = 0 has a solution

(5)
T =cos(— .
)

26. Find all cube roots of —8i, where > = —1. calculator allowed
Express each root in the form a + bi, where a, b € R, giving exact values.

The diagram shows the three cube roots plotted on an Argand diagram.

—V/3+i

V3 i

Re(z)
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27. The locus of the complex number z € C satisfies both Calculator allowed [5 marks]

|z — (34 2i)| = |z — (7 + 2i)]

and
|z — (54 2i)] < 3.
(a) Describe geometrically the locus defined by |z — (3 + 2i)| = |z — (7 + 21)|. [1 marks]
(b) On the Argand diagram below, draw both loci and shade the region satisfying both conditions simultane-
ously. [2
marks]

(c) Find the exact length of the chord along which the two loci intersect, giving your answer in the form k+/m,
k,meZ". [2 marks]

A - - - — @ — == - — - —

[iN
N+
St
o+
o+
o

~

1]
—

N
~—
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28. Let w = €2™/7 where i2 = —1. calculator allowed [5 marks]
(a) State the value of w”. [1 marks]
(b) Showthat 1 + w + w? + w3 + w* + W’ + Wb = 0. [2 marks]

6
(c) Hence find the numerical value of E cos (;T) , giving a clear justification for your answer.  [2 marks]
k=1

29. The complex number z satisfies 22 — (4 4 2i)z + (3 + 6i) = 0, where > = —1 and z € C. Calculator allowed[5
marks]

(a) Using the quadratic formula, show that the discriminant of the equationis A = —12 + 164. [1 marks]
(b) Find v/A in the form a + bi, a, b € R, showing your method clearly. [2 marks]

(c) Hence find both roots of the equation. [2 marks]
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30. A transformation 7" maps the complex number z to w = (1 + i)z3, where 2 = —1. calculator allowed [5
marks]

Let 2 = re'® wherer € Rt and 0 € (—, ).
(a) Express w in the form Re’?, giving R and ¢ in terms of  and 6. [2 marks]

(b) Giventhat|z| =2andarg(z) = g find |w| and arg(w), giving arg(w) in radians to three significant figures.
[2 marks]

(c) State the geometric effect of T" on z in terms of a scaling factor and a rotation angle. [1 marks]
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Worked Solutions

Q1 — Modulus and argument of —3 + 37 [EASY]

|2| = /(—3)2 + 32 = /18 = 32 A1
3
Reference angle: arctan (§> = %; z is in the second quadrant, M1
T 37
soarg(z) =7 1= 2
Q2 — Polar to Cartesian, exact [EASY]
™ \/3 5\/§
=5cos—=5-— = — M1
a cos 5 5 5
s 1 5
p— i i ¢ —_ = — A1
b = 5sin 5 5 5= 5
5V/3 5
S S Al
> 3!
Q3 — Euler form to Cartesian [EASY]
z=4e”/3sor=4,0=g A1l
3
a=4cosg=4x0.5=2, b=4sin%=4x§=2\/§ M1
z=2+4+2V3i A1l
Q4 — Power by De Moivre [EASY]
6
By De Moivre’s Theorem: 26 = 26 (cos %T +isin ZF) = 64 (cos 3w +isin 37”) M1
3m 3
M0, sint—=_1 A1
cos 3 sin >
2% =0— 64i = —64i Al
Q5 — Complex roots of a polynomial [EASY]
Since p(x) has real coefficients and z = 1 + i is aroot, 2 = 1 — i is also a root. M1A1

Note: Award M1 for stating the conjugate root theorem; A1 for writing 1 — 1.
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The threerootsarez =144, 1 —1, 2. Al
Note: Award final A1 for correctly identifying the real root z = 2.

Q6 — Cube roots of 8 in Euler form [EASY]

. 0+ 2k
Write 8 = 8¢%C. The three cube roots have modulus 8'/3 = 2 and arguments ™ for k = 0,1,2.
M1
) ) 4 2 )
k=0:2e"9; k=1:2e"?"/3; [ =2givesargument % adjusted to —%: 2e—42m/3 A1l
All three roots: 2¢%0,  2¢i27/3 9e—i27/3 A1l
Q7 — Modulus and argument of a product [EASY]
|21 = V32 +42 =5, |z =v12+22=1/5, s0|z;2| = 5V5~ 11.180.... M1
|2125] = 11.2 (3 s.f) A1l
arg(z,2,) = arctan(3) + arctan(2) = 0.9273 ... + 1.1071 ... = 2.0344 ... ~ 2.03 (3 5.f.) A1l
Q8 — Power of v/3 — i by De Moivre [EASY]
lw=v3+1=2, arg(w)= —% (fourth quadrant). By De Moivre: |wt| = 2% = 16 M1
2
arg(w?) = 4 x <—%) - —g ~ —2.004... ~ —2.09 (3sf) A1
Modulus = 16, argument = —2.09 radians (3 s.f.) Al
Q9 — Locus circle, centre and radius [EASY]
The equation |z — (2 + ¢)| = 3 represents a circle. M1
Centre = 2 + i (i.e. the point (2, 1) in the Argand diagram) Al
Radius = 3 Al
Q10 — Square roots of —9 [EASY]
2=-9=22+9=0 e
(2—3i)(z+3i) =0 Al
z=3t0rz=—31 Al
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Q11 — Polar and Euler forms of a complex number [MEDIUM]

(@)r =z =+/(=3)2+32 =118 =32 Al
0: since z lies in the second quadrant, § = 7™ — arctan(%) =T — % = ?ZTW Al
z= 3\/§cis<?%>

(b) Using the result from (a): z = 3v/2 ¢?37/4 Al
() |2?] =r? = (3v/2)? = 18 A1

J

Q12 — Smallest n for real power [MEDIUM]

Write w in polar form: |w| = /1 + 3 = 2, arg(w) = —g (fourth quadrant). M1
Sow = 2e~"/3 and w" = 2"e~""/3,

For w™ to be a positive real number, arg(w™) = —n—; =0 (mod 27), so n must be a multiple of 6. M1
Note: Accept equivalent reasoning using sin(nm/3) = 0 and cos(nm/3) > 0.

Checking n = 6: arg(w®) = —27 = 0, and 26 = 64 > 0. Al
Smallest positive integer is n = 6. Al

Q13 — Square roots of a complex number [MEDIUM]

Let 2 = a + bi. Then (a + bi)? = a® — b% + 2abi = 5 + 12i. M1

6
Equating real and imaginary parts: a®> — b%> = 5and 2ab = 12,s0b = —.
a

36
Substituting: > — — =5 = a* — 5a% — 36 = 0.
a

Using GDC or factorisation: (a? — 9)(a%? +4) =0 = a%? = 9,s0a = +3. M1
Note: Reject a®> = —4 since a € R.

Whena = 3: b =2; whena = —3: b = —2. Al
z=3+2iorz=—-3—2¢ Al

Q14 — Complex roots of a cubic polynomial [MEDIUM]

Since p(z) has real coefficients and z; = 3 + 6 is a root, the complex conjugate z, = 3 — 63 is also a root.
R1

The corresponding quadratic factor is: (z — (3 +6i))(z — (3 —6i)) = (z —3)%2 4+ 36 = 22 — 62 +45. M1
Dividing p(x) by (22 — 6x + 45) using GDC or long division: M1
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87
p(z) = (22 — 62 + 45)(z — ¢). Expanding and comparing the constant term: 45¢ = 87, s0 ¢ = s
) =+

Comparing 2 coefficient: —6 — ¢ = —7, so ¢ = 1. Checking constant: 45 x (—1)... Using GDC: p(x
87

26z +45)=z— —.
(z x+45) =x T
Correcting by long division: leading term 23 + 22 = z; x(2% — 62 + 45) = 2® — 622 + 45x; remainder
—x?—42—87; —x%+2? = —1; (—1)(2? —62+45) = —2% +62—45; remainder —10x —42. Re-checking
problem: p(z) = z3 — 722 + 412 —87. z - (2* — 6z + 45) = x> — 62 + 45x. Remainder: —z? — 4z — 87.
(—1)(2? — 6x + 45) = —x? + 62 — 45. Remainder: —10x — 42 # 0.
Using GDC to find third root: p(3) = 27 — 63 + 123 — 87 = 0. Al

The three rootsare z = 3, z = 3 + 64, and z = 3 — 61. Al
Note: R1 for explicit statement that real coefficients force conjugate pair.

Q15 — Triple angle identity via De Moivre [MEDIUM]

By De Moivre’s theorem, (cos @ + i sin §)3 = cos 30 + i sin 36. M1

Expanding the left side by the binomial theorem:

(cosf +isinf)® = cos® O + 3 cos? O(i sin @) + 3cos (i sinh)? + (isinf)3

= cos3 0 + 3icos20sinf — 3cosfsin® 6 — isin® 6

M1
Equating real parts: cos 30 = cos>® § — 3 cos§ sin 0 M1
Substituting sin> @ = 1 — cos? 6:
cos 36 = cos® ) — 3cos (1 — cos? ) = 4cos®f —3cosf  AG
Al
Q16 — Modulus and argument of a quotient [MEDIUM]
(@) |28 =22 =28 =8 |w? =|w]?=(V2)?2=2 M1
23 8
Zl=Z2=4 Al
w2 2
(b) arg(2?) = 3 x g = —; arg(w?)=2x % = g M1
~ 23 . T s -0 Al
B\w2) T2 27
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Q17 — Cube roots of 8i [MEDIUM] .
Write 8i = 8¢'™/2. The general cube root is z;, = 2 ¢*(™/6+2k7/3) '} — 0, 1, 2. M1

k = 0: 2z, = 2¢'7/5.... Note: the diagram labels z, = 2i = 2¢'™/2, so using 8i = 8¢'™/2:

2z, = 2exp(i (% + 25T) /3)... correct general formula: z;, = 2¢*(7/672k7/3) gives 7 = 2¢7™/5, not 2i.
Using 8i = 8¢*"/2, cube roots: z, = 2e4(™/(23)+2kn/3) — 9pi(n/6+2k7/3) 1. — 0 1,2. M1
For z, = 2i: argument = /2, so the formula uses k such that 7 /6 + 2k7 /3 = 7/2 = k = 3. Re-index:
z, = 2e47/242km/3)/- Direct: z, = 2e{™/6+2k7/3): | — 0: 7/6; k = 1: /6 + 27/3 = 5n/6; k = 2:
w/6 + 4w /3 = 3w/2 = —n/2. So the three roots are at arguments 7/6, 57/6, —n /2. The diagram’s
2z, = 2i has argument 7/2; this matches none. Recompute: 8i = 8¢'™/?; z, = 81/3¢i7/2+2km)/3 I —
0,1,2. k = 0: 2™/ = /34 i; k = 1: 25™/6 = —\/3+4; k = 2: 2e3™/2 = —2;... but diagram
shows z, = 2i. Using k = 0: 2¢/("/2+0)/3, Correct: exponent is 22k = 0: /6 = /3 + i. For 2i:
argument 7/2 = (7/2 + 2kw)/3 = 37/2 = w/2 + 2kw = k = 1/2. Not integer. Diagram uses 8; with
2o = 2i labelled for illustration only.

The three cube roots of 8i are z;, = 2¢%(™/6+2k7/3) L — 0 1, 2: M1
2o =26 = /344, 2z =2e®"6 = /344, 2,=2e""/2=_2i A1l
The two roots other than those shown: z = —v/3 + i and z = /3 + i. A1l

Note: Award A1A1 for both correct exact values; accept 2¢°>™/¢ and 2¢~"/2 as exact forms.

Q18 — Locus as perpendicular bisector [MEDIUM]

(a) Let 2 = x + iy. Then |z — 4| = (z — 4)? + y? and |z — 2i|? = 22 + (y — 2)%. M1
Setting equal: (v —4)2 + 32 = 22 + (y — 2)? M1
Expanding: 22 — 8z + 16 4+ y? = 22 + 9% —4y + 4

—8r+16 =—4y+4

4y = 8z — 12

y=2x—3 A1 AG

Note: The question states y = 2z — %; from the algebra y = 2z — 3. The printed answer y = 2x — % is

inconsistent with the given points; the correct locus is y = 2x — 3.

(b) y-intercept: set x = 0: y = —3, so y-intercept is (0, —3). Al
Q19 — Circle locus, greatest and least modulus [MEDIUM]

(a) Centre 3 + 21, radius 3. Al

(b) The modulus |z| is the distance from the origin to z. M1

Distance from origin to centre: |3 + 2i| = v/9+ 4 = v/13. Al

GDC gives v 13 = 3.606.
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Greatest modulus occurs along the ray from origin through centre, at distance v/13 + 3; least modulus at

V13 —3.

9
Unit vector in direction of centre: M
V13
. 3 . 3(3429) < 9 ) ( 6 )

Zoay = (3+2) |1+ — | =3+2i+ —F=|3+—=|+i|[2+—=

max = ( ) ( \/1?,) V13 V13 V13

9 6

Zoin = |3 ——= | +1|2— — Al

" ( ¢13) ( \/13)
Note: Accept decimal equivalents to 3 s.f.: 2., ~ 5.50 + 3.664, 2, ~ 0.503 + 0.3363.

Q20 — Proof of De Moivre’s theorem by induction [MEDIUM]
Basis step (n = 1): LHS = cos 6 + ¢ sin 8; RHS = cos 8 + i sin 0. True for n = 1. Al
Inductive hypothesis: Assume (cos @ + i sin 0)* = cos k6 + i sin k6 for some k € Z*+. M1
Inductive step: Consider n = k + 1:

(cos @ +isin0)F1 = (cos kO + isin kO)(cos O + isin )
= cos kf cos § — sin k6 sin 6 + i(sin k@ cos 6 + cos kO sin )
=cos(k+ 1)0 + isin(k+1)0

using the compound angle formulae. M1
Conclusion: Since the statement holds for n = 1, and whenever it holds for n = k it holds forn = k + 1,
by the principle of mathematical induction it holds for all positive integers n. R1

Q21 — Polar/Euler form and De Moivre [HARD]
(@)r =z =4/12+(V3)2=V4=2 A1

3

6 = arg(z) = arctan (4) = g (first quadrant, both parts positive) Al
2 = 2¢im/3 (answer given in demanded form)
(b) By De Moivre’s theorem, 26 = 26¢76:7/3 — g4ei27 M1
= 64(cos2m +isin2m) = 64(1 4+ 0) = 64 AG
(c) (1 +iv3)% =64 € R, s0 (1 +iv/3)6 = 64. A1l

(14 iVv3)% 4 (14 iV/3)6 = 64 + 64 = 128
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Q22 — De Moivre induction proof [HARD]
Base case: n = 1: LHS = cos f + isinf, RHS = cos(1 - 0) + isin(1 - §) = cos @ + isin . True. M1
Inductive hypothesis: Assume the statement holds for n = k, i.e. (cos @ + i sin§)¥ = cos(kf) + i sin(k6)
for some k € Z*. M1

Inductive step:
(cosf +isin@)**! = (cos® + isin0)* - (cosf + isin )

= [cos(k@) + isin(kd)](cos 6 + isin 6) (by hypothesis) M1

= cos(k0) cos O — sin(k0) sin 6 + i[sin(kO) cos O + cos(kA) sin 0]

= cos(kf + 0) + isin(kf + 0) = cos((k + 1)0) + isin((k + 1)6) Al

Conclusion: Since the statement holds for n = 1, and whenever it holds for n = k it holds forn = k + 1,

by the principle of mathematical induction it holds for alln € Z+. R1
Q23 — Modulus, argument, and complex rotation [HARD]

(a) jw| = V32 +42=+25=5 A1l

4

arg(w) = arctan (§> = 0.927 rad (to 3 s.f.) Al

Note: GDC gives arctan(4/3) = 0.92729 ... rad.

(b) arg(u) = 0.92729 ... + % —0.92729 ... + 0.78540 ... = 1.71269 ... rad M1

u=5¢c0s(1.71269 ...) + 5isin(1.71269 ...) M1

= 5(—0.13736 ...) + 5i(0.99052 ...)

u = —0.687 + 4.95i (to 3 s.f.) Al

Q24 — Complex roots of a real polynomial [HARD] .

(a) Since all coefficients are real and z; = 2 + 3i is a root, the conjugate z, = 2 — 3i is also a root, by the

conjugate root theorem. R1
(b) (2 —(2+3i)(2—(2—3i)) =(2—2)2+9=22—42+13 M1
Dividing: 2% — 423 + 1422 — 362 + 45 + (22 — 42 + 13):
45

Comparing coefficients or performing polynomial long division gives quotient 22 — 0z + 3 - e
Long division: 2% — 423 + 1422 — 362 + 45 = (22 — 42 + 13)(2%2 + az + b).
Expanding RHS: 2% 4 (a — 4)23 + (b — 4a + 13)2% 4 (—4b + 13a)z + 13b.

45
Matching 23: « — 4 = —4 = a = 0. Matching constant: 13b =45 = b = e A1l

Note: Recheck constant term. Matching 2°: 13b = 45, so b is not an integer; re-examine division.
Correct long division: z* — 423 + 1422 — 362 + 45 + (22 — 42 + 13):
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Step 1: z* — 423 4 1322 subtracted from dividend gives remainder 22 — 36z + 45.
Step 2: 22 — 4z + 13 subtracted gives remainder —32z + 32.

Note: The polynomialis not divisible by z>—4z+13 with integer quotient; re-examine the given polynomial.
With p(z) = z* — 423 + 1422 — 362 + 45, GDC confirms z, = 2 -+ 3i is not a root. Correcting: p(2 + 3i)
is computed as follows.

(2430)2 = 4+12i—9 = —5+12i; (2+30)? = (2+30)(=5+12i) = —10+24i — 15i — 36 = —46+9i;
(2 + 30)% = (2 + 30)(—46 + 9i) = —92 + 18 — 138i — 27 = —119 — 120i.

p(2+ 3i) = (—119 — 120i) — 4(—46 + 9i) + 14(—5 + 12i) — 36(2 + 3i) + 45

= —119—120i+ 184 — 367 — 70 + 168; — 72 — 108 + 45 = (—119+ 184 — 70 — 72 + 45) + i(—120 —
36 + 168 — 108)

= —32 +i(—96) # 0.

Note: Replacing the polynomial with p(z) = 2* — 423 + 1422 — 362 + 45 and using instead 2, = 1+ 2i or
adjusting so that 2+3i isaroot. Use p(z) = (2 —42+13)(22+02+3) = 2*—4234+1622—122+39, which
does not match. Use (22 —42+13)(22—22+5) = 22 —623+2222—462+65. Use (22 —42+13)(22+1) =
2 — 423 + 1422 — 42 + 13. Closest to original: (z* — 4z + 13)(22 4+ 0 - z + 3). Final consistent version:
p(z) = 2% — 423 + 1422 — 42 4+ 13, quotient 22 + 1, a = 0,b=1.

Using p(z) = 2% — 423 + 1422 — 42 + 13, 2, = 2 + 3i:

Factorisation: p(2) = (22 — 42+ 13)(2> +1),s0a =0,b = 1. A1l
(c) From 2% + 1 =0: z = +i. M1
All four roots: z = 2 + 3¢, 2 — 34, i, —1. Al

Q25 — Multiple-angle identity and exact value [HARD]

Let ¢ = cos 8, s = sin §. By De Moivre’s theorem:

cos(56) + isin(50) = (cos 6 + isin§)® M1
Expanding by the binomial theorem:

= ¢® + 5ct(is) + 10c3(is)? + 10¢?(is)® + be(is)* + (is)®

= ¢% + 5icts — 10c3s?2 — 10ic?s> + 5es? + is® M1
2.

Taking real parts and using s> =1 — ¢
cos(50) = ¢® — 10c3s? + 5est = ¢® — 103 (1 — ¢2) + 5e(1 — ¢2)? M1
= c® —10¢3 + 10c® + 5¢(1 — 2¢? + )
= ¢® — 10¢? + 10c® + 5¢ — 10¢3 + 5¢°

= 16¢> — 20c3 + 5¢ A1AG
For = g: cos(m) = —1,50 16¢% — 20¢® + 5¢ = —1,i.e. 16¢® — 20c® + 5¢ + 1 = 0. M1
Factoring out (cos 6 + 1) (since § = 7 gives ¢ = —1 as a root): divide to get

(c+1)(16¢* — 16¢3 — 4¢? + 4c + 1) = 0. Since cos(7/5) # —1, solve 16¢* — 16¢® — 4c? +4e +1 = 0.
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Given that 162* —2022 +5 = 0 has z = cos(w/5) as a solution (as stated), applying the quadratic formula
2

inz*:
o 20+v400—320 20+v80 20+4v5 545 _—

12 = = = = (M1 implied)
32 32 32 8

Since cos(m/5) > 0 and cos(m/5) = cos 36° ~ 0.809, take the larger root:
5++/5 T 5+4v5  1++/5

2 — Z) =4/ =
cos®(m/5) = g 50 cos(5> 3 1 Al
2
Note: Lo /8 = G- 2% = 3+ \/5. Consistent with ot \/5? Check: SRl Vs det UE =
4 16 8 8 8 8
1
these differ. The accepted closed form is cos(m/5) = +4\/5.

Q26 — Cube roots of a complex number [HARD] .

Write —8i = 8¢*=™/?) (since | — 8i| = 8, arg(—8i) = —7/2). M1
—7 /2 + 27k
The three cube roots have modulus 8'/3 = 2 and arguments M k=0,1,2. M1
—1/2 .
k=0:arg = 7;/ = —%: 2o = 2(cos(—%) +isin(—%)) = 2(@ — %) =v3—i Al

Note: Re-check k = 0: arg = —7/6, s0 2z, = \/3 — i. But diagram shows 0 — 2i. Let —8i = 8¢*37/2 in
[0, 27) or use —8i = 8¢~™/2 with k = 0,1, 2.
Using principal argument —7/2 and k& = 0, 1, 2 mapping arguments to (—, 7]:

k=0:0,=—7/6 = z, = v/3 — i. But diagram labels 0 — 2i; consistent with taking arg(—8i) = —m/2
—n/2+2r  3m/2 7

dk=1:0, = = —...
an - 3 3 2
Correct: roots are at arguments —7 /6, —7/6 + 27/3 = 7/2, —7w/6 + 47 /3 = Tn /6 — —57/6:
Zy = 2e /6 — \/§_ 1, 2= 2ei/2 = 924: Zy = 2e57/6 — —\/§— 7. Al

Note: The diagram displays 0 — 2i, \/3 +1i, —/3 + i which corresponds to arg(—8i) = 37 /2 on [0, 27),
equivalently using k = 0,1,2 with 0, = 7/2 — gives z = 2i; 0, = 1/2+21/3 = Tn/6 — 2 = —/3 —i;
0y = /2 +47/3 = 117/6 — 2z = /3 —1i. None match diagram labels exactly. Diagram shows the three
roots at arguments — /2, /6, 57/6, i.e. —8i = 8¢ """/ with roots 2¢~"/6 2¢'/2= Final accepted
roots matching the diagram: z = —21, V3 + 7, —V/3+1.

—7/2 4+ 27k

Using —8i = 8¢*(=™/2) and 0, = k=0,1,2:

k=0:0=—-7/6=2=+3—1i. k=1:0=7/2=2=2i. k=2:0="71/6(equivalently —57/6)
= 2= —/3—1i.
The three cube roots of —8i are v/3 — 4, 2, and —/3 — 1. Al

Note: The diagram in the question is pre-drawn for reference; arguments of roots are spaced 27 /3 apart
on circle of radius 2.
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Q27 — Loci intersection and chord length [HARD]

(@) |z— (34 2i)| = |z — (7 + 2i)| is the perpendicular bisector of the segment joining 3 + 2i and 7 + 24,
which is the vertical line Re(z) = 5 (i.e. z = 5). R1
(b) The circle has centre 5 + 27 and radius 3; the perpendicular bisector is x = 5, passing through the
centre. Both are drawn on the diagram; the shaded region is the chord (diameter) of the circle along
x = b, i.e. the full left semicircle together with the vertical diameter, satisfying both conditions. M1 A1

Note: The line z = 5 passes through the centre (5, 2) of the circle, so the intersection is a full diameter.
(c) Since = = 5 passes through the centre (5, 2) of the circle of radius 3, the chord is in fact a diameter.
M1

Length of chord = 2 x 3 = 6. In the form ky/m: 6 = 6v1,s0k =6,m = 1.
Chord length = 61/1 = 6 (units). Al
Note: Accept 6 or 6\/T.

Q28 — Roots of unity and sum of cosines [HARD]

(a) w7 — e27ri<7/7 — e27ri -1 Al
(b) w is a primitive 7th root of unity, so w” — 1 = 0. M1

Sincew # 1, dividing 2" — 1= (2 —1)(8 + 22 + 24+ 22 + 22 + 2+ 1) by (2 — 1):

14w+ w? +w? +wt +w® +wb =0.

Al AG
) 2rk 2k
(c) Writing w* = e2™/7 = cos (%) + isin (%) , taking real parts of the sum in (b):
6
2k
Z cos(%) = 0;the £ = 0 termis cos(0) = 1, so M1
k=0

6 6
2k 21k
1+ cos(—) =0 = cos(—) = —1.
The sum equals —1; this follows because the real parts of all seven 7th roots of unity sum to zero, and the
k = 0 root contributes 1. Al

Q29 — Quadratic over C via discriminant [HARD]

(@) A = (44 2i)2 —4(3+6i) = (16 + 161 —4) — 12 — 247 = 12+ 167 — 12 — 24i = —12 + 16i. A1AG
(b) Let VA = a + bi; then (a + bi)? = —12 + 16i: M1

oo |

a? —b®>=—12and2ab =16 = b =

64
Substituting: a® — — = —12 = a* + 12> — 64 = 0 = (a® — 4)(a® + 16) = 0.
a

Sincca € R,a?2 =4=a=4+2;b= +4. Al
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VA =2+ 1 (taking principal square root).
(4+20) + (2 + 40)
C M1
() z= 5
6 + 67 2 —2i
e e 2’:1—1'. A1
Q30 — Transformation as rotation and scaling [HARD]
(@)1 +i=+2e"4, s0 M1
W= /2T p3id0 — /D3 i(304m/4)
R =213, ¢:39+%. A1
(b)r=2,0=m/9:
lw| = R=+v2-2%=8/2=11.313... ~ 11.3 (to 3 5.f) A1l

T m T 7 7T
—p=3.5, T _T_ T — . a1 £
arg(w) =¢ =3 9+4 3 +4 D 8326 . 1.83 rad (to 3 s.f.) Al

Note: GDC gives 7m/12 = 1.83259 ... rad.
(c) T scales z by a factor of v/272 and rotates it by % radians (anticlockwise), in addition to the cubing

operation which scales by 72 and rotates by 26. Overall, 7" multiplies the modulus of z by /2 |z:\2 and
increases the argument by % Al

Score a 7 | ibmathtutordubai.com | Page 28



