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Arithmetic & Geometric Sequences - Sigma Notation - Applications & Finance

Difficulty | MEDIUM Jil HARD |

Questions 10 10 10
Total Marks 30 40 50
Name: Date: Scan me for help
Score: /120

Instructions: Answer all questions. Show all working. Give answers correct to 3 significant figures unless stated
otherwise. Each question states whether a calculator is permitted.

Scan me for help

[

Key Formulae

e Arithmetic sequence: u,, = u; + (n — 1)d

Arithmetic series: S, = %(2u1 +(n—1)d) = g(ul +u,)

Geometric sequence: u,, = u; ™!
Cug(rt—=1)  uy(1—r")

= , r#+1

r—1 1—r

Geometric series: S,

Uy
1—7’

Infinite geometric series: S =

Ir] <1

kn
Compound interest: F'V = PV x (1 + ﬁ) , Where k = compounding periods per year

n
Sigma notation: Z Uy = Uy, + Uy g + -+ + Uy,

=m
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Sequence tables: Use List & Spreadsheet or seq() to generate terms and spot patterns; confirm
u,, formula by comparing columns.

Least-n threshold problems: Store S,, or u,, as a function, generate a table of values, and read off the
first row satisfying the inequality (bracket with n — 1 and n to show both sides).

Finance Solver (TVM): Enter N, [%, PV, PMT,FV K P/Y C/Y; leave the unknown blank and solve.
Pay attention to the sign convention—cash out is negative.

Sigma sums: Evaluate Z directly with sum(seq(expression, variable, start, end)) tocheck
by-hand results or tackle large limits.

Equation solving for n: Use solve () ornSolve () whenr™ = k arises; remember n must be a positive
integer, so round up or down according to the context.

Regression for sequences: If context data are given, run LinReg (y = ax + b) or ExpReg (y = ab”) to
identify AP or GP structure, then read off d or r.

Common Mistakes to Avoid

1.

Forgetting to verify || < 1for S__. The infinite sum formula only converges when || < 1. A quadratic
in 7 often yields two roots; the root with || > 1 must be explicitly rejected with a reason, earning the
R1 mark.

. Off-by-one errors with u,, vs. S,,. Recovering u,, from a given S, formula requires u,, = S, — S5, _;

for n > 2, and u; = S, separately. Using S,, directly as a term loses the method mark.

. Rounding direction in least-n problems. When finding the least n such that S,, > T or u, < e,

candidates must show evaluations at both n — 1 (failing) and n (satisfying the condition); rounding a
logged solution without these bracketing values loses accuracy marks.

. Money answers not given to two decimal places. Finance questions require the final answer rounded

to 2 decimal places (nearest cent). Leaving a full-precision GDC display, or rounding to 3 significant
figures, loses the final A1.

. Mixing up S,, and u,, in word problems. “Total amount after n years” is .S,,; “amount in year n” is

u,,. Salary, depreciation, and instalment problems frequently require one and candidates substitute
the other.

. Using the wrong regression direction or variable for applications. When a problem gives time as

the independent variable and asks for a predicted value, candidates must regress on the correct axis.
Swapping x and y (or using x on y instead of y on x) gives a different line and incorrect predictions;
extrapolation beyond the data range must also be flagged as unreliable.
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Section A — Easy EASY

1. An arithmetic sequence has first term u; = 7 and common difference d = 4. Find the tenth term of the
sequence. Calculator not allowed [3 marks]

2. A geometric sequence has first term u; = 5 and common ratio r = 2. Find the sum of the first six terms of

the sequence. calculator not allowed [3 marks]
5
3. Find the value of Z(3k¢ + 1). calculator allowed [3 marks]
k=1

Score a 7 | ibmathtutordubai.com | Page 3



Mr. Ahmad | IB Math Tutor AA SL — Topic 1: Number & Algebra

ibmathtutordubai.com Sequences & Series

4. The following table shows the first four terms of a sequence.

n 1 2 3 4
u, 48 24 12 6

n

Write down the common ratio of the sequence. Hence find the sum to infinity of the sequence. Ccalculator al-
lowed [3 marks]

5. An arithmetic sequence has u; = 3 and us = 19. Find the common difference d. Hence find the sum of the
first 12 terms of the sequence. Calculator allowed [3 marks]

6. A geometric sequence has first term v; = 200 and common ratio » = 0.6, where » € R. Find the sum to
infinity of the sequence. calculator not allowed [3 marks]

7. Lena invests $4000 in a savings account that pays compound interest at a rate of 3.5% per annum. Find
the value of Lena’s investment at the end of 5 years. Give your answer correct to two decimal places. Calculator
allowed [3 marks]
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8. The nth term of a sequence is given by u,, = 2n — 5, wheren € Z*.

(a) Write down the first three terms of the sequence. [1 marks]
4
(b) Find the value of Z Uy- [2 marks]
n=1

Calculator allowed

9. A car is purchased for $18000. Its value depreciates at a rate of 15% per year. Find the value of the car after 4
years. Give your answer correct to two decimal places. Calculator allowed [3 marks]

10. An arithmetic sequence is shown in the table below.

n 1 2 3 4
6 11 16 21

Un,

Find the sum of the first 20 terms of the sequence. calculator not allowed [3 marks]
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Section B — Medium m

11. An arithmetic sequence has first term u; = 7 and common difference d = 4, wheren € Z*.

(a) Write down the fifth term of the sequence. [1 marks]
(b) Find the value of n such that u,, = 107. [1 marks]
(c) Find the sum of the first 25 terms of the sequence. [2 marks]
Calculator not allowed [4 marks]
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12. A geometric sequence has terms u; , Uy, us, ... where u; = 80 and common ratio r = %, withr € R.

(a) Find uy. [1 marks]
(b) Find the sum to infinity of the sequence. [2 marks]
(c) Find the sum of the first 6 terms, giving your answer as an exact fraction. [1 marks]
Calculator not allowed [4 marks]

13. The sum of the first n terms of a sequence is given by S,, = 3n? + 5n, wheren € Z™.

(a) Find u;. [1 marks]
(b) Show that the sequence is arithmetic. [2 marks]
(c) Find the common difference. [1 marks]
Calculator not allowed [4 marks]

Score a 7 | ibmathtutordubai.com | Page 7



Mr. Ahmad | IB Math Tutor AA SL — Topic 1: Number & Algebra

ibmathtutordubai.com Sequences & Series

14. The following table shows part of a payment schedule for a training fund. The amounts paid each month
form a geometric sequence, where a > 0.

Month 1 2 3 4
Payment($) a 60 75 b

(a) Find the value of ¢ and the value of b. [2 marks]
(b) Find the total amount paid over the first 8 months. Give your answer correct to the nearest dollar. [2
marks]
Calculator allowed [4 marks]
10
15. Find the value of Z(Qk — 1). calculator not allowed [4 marks]
k=3
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16. Three consecutive terms of a geometric sequence are k — 2, k + 4, and 3k + 2, where k € Rand k& > 0.

(a) Find the value of k. [3 marks]
(b) Find the common ratio. [1 marks]
Calculator allowed [4 marks]

17. Priya invests $5000 in an account that pays compound interest at a rate of 3.2% per annum, compounded
monthly, where ¢ represents time in years, t > 0.

(a) Find the value of the investment after 4 years. Give your answer correct to two decimal places. [2 marks]

(b) Find the number of complete years it takes for the investment to first exceed $6500. [2 marks]

Calculator allowed [4 marks]
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18. The nth term of a geometric sequence is given by u,, = 3 x 2"~ !, wheren € Z*.

(a) Write down the first term and the common ratio.

[1 marks]

(b) Find the least value of n such that S,, > 3000, where S,, denotes the sum of the first n terms. [3 marks]

The following table shows selected values of S,,.

n 9 10 11 12
S, 1533 3069 6141 12285

n

Calculator allowed

19. A car is purchased for $24 000. Its value depreciates by 18% each year.

(a) Find the value of the car after 3 years. Give your answer correct to two decimal places.

(b) Find the number of complete years after which the value of the car first falls below $8000.

Calculator allowed
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20. Seats in a concert hall are arranged in rows. The first row has 20 seats, and each subsequent row has 3 more
seats than the row before it, where n € Z* represents the row number.

(a) Find the number of seats in the 15th row. [2 marks]
(b) The hall has 18 rows in total. Find the total number of seats in the hall. [2 marks]
Calculator allowed [4 marks]
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Section C — Hard m

21. The first three terms of an arithmetic sequence are k + 3, 3k — 1, and 6k — 7, where k € R.

(a) Find the value of k. calculator not allowed [2 marks]

(b) Find the sum of the first 20 terms of the sequence. calculator not allowed [3 marks]
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22. Three consecutive terms of a geometric sequence aret — 2, ¢ + 4, and 3t + 2, wheret € R, ¢t > 0.

Show that t2 — 8t — 20 = 0. Calculator not allowed [2 marks]
Hence find the common ratio of the sequence, rejecting any value of ¢ that leads to |r| > 1. calculator not al-
lowed [3 marks]

23. Lena invests $8000 in an account paying compound interest at a rate of r% per year. After 6 years the
investment is worth $11 245.08. Calculator allowed [5 marks]

(a) Find the value of r. [2 marks]

(b) Lena instead considers a second account that pays simple interest at a fixed rate of 5.8% per year. Find
the number of complete years it takes for the simple-interest account to overtake the compound-interest
account. [3 marks]
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24. An arithmetic sequence has first term a and common difference d, where d # 0. The 4th, 10th, and 22nd
terms of the sequence form a geometric sequence.

1
Show that 4 _ —5 Calculator not allowed [5 marks]
25. The nth partial sum of a series is given by S, = 5n2 — 3nforn € Z*. calculator not allowed [5 marks]
(a) Find the first term and the common difference of the series. [3 marks]
30
(b) Find the value of Z U, [2 marks]
k=11
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26. In a geometric sequence, the sum of the first four terms is 130 and the sum of the first eight terms is 21 970.
Calculator allowed [5 marks]
Find the first term and common ratio of the sequence, justifying any rejection of candidate values.
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27. The table below shows a payment schedule for a training programme. Each week, a participant completes a
number of sessions. The number of sessions in week 1 is p, and the numbers form an arithmetic sequence with
common difference d.

Week 1 2 3 4 5 6
Sessions p p+d p+2d p+3d p+4d p+5d

The total number of sessions over 6 weeks is 57, and the number of sessions in week 6 is double the number in
week 1. cCalculator not allowed [5 marks]

(a) Find the values of p and d. [3 marks]

(b) Find the total number of sessions completed in weeks 4 through 8, given the arithmetic pattern continues.
[2 marks]

n 4 k*l
28. Find the least value of n € Z* such that Z 3- (5) differs from its sum to infinity by less than 0.01.
k=1

Calculator allowed [5 marks]
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29. A company offers two salary schemes to a new employee, each starting with an annual salary of $32 000 in
year 1. Calculator allowed [5 marks]
Scheme A: salary increases by $1 800 each year.

Scheme B: salary increases by 4.5% each year.

(a) Find the total earnings under each scheme over 12 years. Give your answers correct to the nearest dollar.
[3 marks]

(b) Determine the first year in which Scheme B pays a higher annual salary than Scheme A, and hence state
which scheme gives greater total earnings over 20 years. [2 marks]
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30. A geometric series has first term 12 and common ratio r, where r € R, r # 0. The sum of the first n terms is
denoted S, and the sum to infinity is denoted S __. Calculator not allowed [5 marks]

7
It is given that Sy = 153.

(a) Find the possible values of r. [3 marks]

(b) For the value of r for which S__ exists, find S — S, expressing your answer as a fraction. [2 marks]
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Worked Solutions

Q1 — Arithmetic sequence, tenth term [EASY]

Using u,, = uy + (n — 1)dwithwu; =7,d =4, n = 10: M1

Note: Award M1 for correct substitution into the arithmetic term formula. Award A1 for the correct answer.

Q2 — Geometric series, sum of six terms [EASY]

n

Using .S, :u1r 7 withu, =5,r=2,n = 6: M1
26 —1 63

56—5>< 91 —5XT

Sg = 315 Al

Note: Award M1 for correct substitution into the geometric series formula. Award A1 for the correct
answer.

Q3 — Sigma notation evaluation [EASY]

5

Expanding: > (3k+1)=4+7+10+13+16 M1
k=1

=50 A2

Note: Award M1 for a correct method (expanding terms or using arithmetic series formula). Award A2 for

the correct answer 50. Award A1 for four correct terms listed if the final sum is incorrect.

Q4 — Geometric sequence, sum to infinity [EASY]

‘ r

24 1 AL
TR
1
Since |r| = 5« 1, using S, = 1u—1r' M1
48 48
=3 3

Note: Award A1 for the correct common ratio. Award M1 for substitution into the sum to infinity formula.
Award A1 for the correct answer. The condition |r| < 1 must be acknowledged for the sum to infinity to
exist.
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Q5 — Arithmetic sequence, common difference and sum [EASY]
Using S, = g(2u1 + (n—1)d) withn = 12, u, = 3, d = 4: M1
12
Sis = ?(2(3) +11(4)) =6(6 +44) = 6 x 50 = 300 Al

Note: Award A1l for d = 4. Award M1 for correct substitution into the sum formula with their d. Award
A1 for the correct final answer.

Q6 — Geometric series, sum to infinity [EASY]

Since |r| = 0.6 < 1, the sum to infinity exists.
Un

Using S, = : M1
1—r
2 2
g = 20 20
1-06 04
So =500 A2

Note: Award M1 for correct substitution into the sum to infinity formula. Award A2 for the correct answer
500.

Q7 — Compound interest, future value [EASY] .

Using FV = PV x (1 + ﬁ)n with PV = 4000, = 3.5, n = 5: M1
FV = 4000 x (1.035)% = 4000 x 1.18768 ... (A1)
FV = $4750.74 A1

Note: Award M1 for correct substitution into the compound interest formula. Award (A1) for the un-
rounded value 4750.739 .... Award A1 for the final answer given correct to two decimal places. Final A1
lost if not rounded to two decimal places.

Q8 — nth term formula, sigma sum [EASY]

@u; =2(1)=5=-3 uy=-1; u3=1 A1

4
> u,=-3+(-1)+1+3 M1
n=1
=0 A1

Note: Part (a): Award A1 for all three correct terms. Part (b): Award M1 for a correct method to find the
sum. Award A1 for the correct answer 0. Accept any valid method including use of the arithmetic series
formula.
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Q9 — Depreciation, future value [EASY]

Using V =V, x (1 — 0.15)" with 1, = 18000, n = 4 M1
V = 18000 x (0.85)* = 18000 x 0.52200625 (A1)
V = $9396.11 A1

Note: Award M1 for correct substitution into the depreciation formula. Award (A1) for the unrounded
value 9396.1125. Award A1 for the final answer given correct to two decimal places. Final A1 lost if not
rounded to two decimal places.

Q10 — Arithmetic series, sum of 20 terms [EASY]
From the table: u; = 6,d = 5.

Using S, = g(2u1 + (n— 1)d) with n = 20: M1
2
Sy = 70(2(6) +19(5)) = 10(12 + 95) = 10 x 107 A1

Note: Award M1 for correct substitution into the arithmetic series formula with v;, = 6 and d = 5.
Award A1 for correct simplification. Award A1 for the final answer 1070. Accept the equivalent formula
S,, = 5(uy + u,,) provided uy is correctly found as 101.

Q11 — Arithmetic sequence: term and sum [MEDIUM]

(@) us =7 +4(4) =23 A1
(b) 7+ (n—1)(4) =107 = 4(n —1) = 100 = n = 26 A1
(c) Attempt to use S,, = 5 (2u; + (n — 1)d) withn = 25 M1
Sys = 2(2(7) +24(4)) = £(14+ 96) = 2(110) = 1375 A1l
Note: Accept Sp5 = 22 (uy + ugs) = 22(7 + 103) = 1375.

Q12 — Geometric sequence: sum to infinity [MEDIUM]

(a)u4:80x(§1)3:80xg:14ﬁ A1

(b) Since |r| = 3 < 1, the sum to infinity exists. R1

S 803=$=320 A1

L S
80(1— (5)6 729
@S — 1)) 80(1— 2%) 590 3367 _ 211 o 67340 33670 _ 16835
¢ 1-3 : a 4096 256 © 256 128 64

A1

16835 . . N
Note: Accept or equivalent exact fraction. Condone unsimplified form.

64
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Q13 — Sum formula to recover arithmetic terms [MEDIUM] .

(@ u, =85, =3(1)2+5(1) =8 A1l

(b) Attempt to find u,, = S,, — S,,_; forn > 2 M1

u, = (3n?+5n) — (3(n—1)2 +5(n—1))
=3n2+5m—3n2+6n—3—5n+5==6n+2

Since u,, = 6n + 2 is linear in n, the sequence is arithmetic. AG
()d=wu, —u, ; =6(n+1)+2—(6n+2) =6 Al
Note: Award A1 for d = 6 obtained from any valid method, e.g. uy — u; = 20 — 8 — 6. Check: uy =
Sy—8,=(124+10)—-8=14,d=14—-8=6.0

Q14 — Geometric payment schedule [MEDIUM]

75
c tio:r = — = A1
(a) Common ratio: r 50— 1 (A1)
60 60 5
T i 4
18((3)° - 1)
5
48(5.96046 ... — 1) 48 x 4.96046 ...
= = =952.41...
S 0.25 0.25 o
Total = $952 Al
Note: Award A1 for $952 only; unrounded value 952.41 ... must be seen before rounding. Accept $952
(nearest dollar).

Q15 — Sigma notation evaluation [MEDIUM]

METHOD 1
Recognise the sum as arithmetic with u;, = 2k — 1; first term k = 3: u; = 5, lastterm k£ = 10: u;, = 19,
number of terms = 8 M1
10 8
Z(2k—1):§(5+19):4x24:96 Al
ﬁETHOD 2
10 10 2
Write  (2k—1)=> (2k—1)—> (2k—1) M1
k=3 k=1 k=1
=(14+3+54+74+9+11+13+15+17+19)—(14+3)=100—4 =96 Al
Note: Also award M1A1 for correct direct expansion and addition of all 8 terms. M1 requires a valid
method attempted.
M1 + Al + Al + Al awarded as M1 A1 with two methodical lines = 4 marks total: M1 M1 A1 A1l con-
densed as M1 A1 A1 A1l.
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Marking note: This question awards M1 for setting up the sum correctly, A1 for identifying first and last
terms or splitting correctly, M1 for the sum formula or full expansion, A1 for 96.

Q16 — Parameterised geometric sequence [MEDIUM]

(a) For a geometric sequence, the ratio between consecutive terms is constant:

k+4 3k+2

k—2 k+4 M1
(k+4)2=(k—2)(3k+2)

k* + 8k + 16 = 3k* — 4k — 4

0=2k?>—-12k—20 = k> —6k—10=0

Attempt to solve: k = LE= 26 e = 6 i;/%

(viaGDC): k= "7.359...or k = —1.359... Al
Since k z 0,£ejec{{c£9—l.359 ...; therefore k = 7.36 (3 s.f.) Al
(b) r = ka = i =2123s) A1

7+ 19

Note: Accept exact forms k = 3 + /19 for part (a) and r = T for part (b). Award A1ft in (b) for

correct ratio using their k > 0.

Q17 — Compound interest: value and time [MEDIUM]

032 12x4
(a) A = 5000 (1 + %) M1
A =5000(1.0026)"" = 5000 x 1.13563 ... = 5678.19 ...
A = $5678.19 Al
Note: Answer must be given correct to two decimal places. Penalise incorrect rounding.

032 12t
(b) Solve 5000 (1 + %) > 6500 for ¢ integer (M1)

Via GDC: t = 8 gives $6431.68 ... < 6500; t = 9 gives $6644.87 ... > 6500

Least number of complete years = 9 Al
Note: Award (M1) for a systematic GDC search or algebraic attempt. Both bracketing values t = 8 and
t = 9 must be shown or implied for full marks.

Q18 — Geometric sequence: least n threshold [MEDIUM]

(a) First term u; = 3, common ratio r = 2 Al
2" —1
(b) S, = % = 3(2" — 1); attempt to find least n with S,, > 3000 M1
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From the table: Sy = 1533 < 3000 and S, = 3069 > 3000 Al
Least value of n = 10 Al

Note: Both bracketing values Sy = 1533 and S;, = 3069 must be identified for the second A1. Award
M1 for using the sum formula or reading from the table systematically. Final A1 requires n = 10 stated
explicitly.

Q19 — Depreciation: value and threshold year [MEDIUM] .

(a) V = 24000 x (0.82)3 M1
V = 24000 x 0.551368 = 13232.832 = $13232.83 (2 d.p.) Al
Note: Answer must be given correct to two decimal places.

(b) Solve 24000 x (0.82)™ < 8000 for least integer n (M1)

Via GDC: n = 5: 24000(0.82)% = 8898.0... > 8000
n = 6: 24000(0.82)¢ = 7296.4 ... < 8000

Least number of complete years = 6 Al
Note: Both bracketing evaluations must be seen or implied. Award (M1) for any valid systematic approach
(GDC table, algebraic inequality). Accept n = 6 with correct supporting values.

Q20 — Arithmetic seating arrangement [MEDIUM]

(@) u, =204+ (n—1)(3); uy5 =20+ 14 x 3 M1
s = 20 + 42 = 62 AL
(b) Syq — ?(2(20) +17(3) M1
Sy = 9(40 4 51) = 9 x 91 = 819 Al

Note: Accept S1g = 2 (ug + uyg) = 9(20 + 71) = 9 x 91 = 819.

Q21 — Arithmetic sequence from three terms [HARD]

(a)

Setting up the equal-difference condition: (3k — 1) — (k+3) = (6k—7) — (3k — 1) M1
2k—4=3k—6 = k=2 Al
(b)

First term: u; = k + 3 = 5; second term = 3(2) — 1 = 5; third term = 6(2) — 7 = 5.

Attempttofindd: d = (3k—1) — (k+3) =2(2) —4=0.

Note: Students must recognise d = 0 is valid here and proceed.

20
Award the final A1 for correct use of their u; and d in the sum formula. Al
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l Note: Accept Sy = 22(5 + 5) = 100.

Q22 — Geometric sequence parameter, root rejection [HARD]

Show that:

Using the equal-ratio condition: Chid = w M1
t—2 t+4

(t+4)2=(t—2)(3t+2)

t2+8t+16=3t2—4t—4

0=2t2—-12t—20 = t2 -8t —20=0 AG

Hence:

Factorising or applying the quadratic formula: (¢ — 10)(t +2) =0 M1

t=10ort = —2.

Sincet > 0, reject t = —2. Al

14 7

Fort = 10: terms are 8,14, 32; r = 3 = 1

7 7
Since |r| = 1 > 1, the infinite sum does not exist; however, as the question only asks for r, state » = T
Al

Note: The question requires rejection of t = —2 (domain), not rejection of r on |r| < 1 grounds (no S__ is
asked). Award the R-implicit A1 for the domain rejection with reason.
Explicit reasoning mark for rejecting t = —2 because t > 0. R1

Note: Total is M1 A1 R1 A1 Al but AG is worth 0; count: M1+A1 for AG, M1+A1+R1 for hence part = 5
marks.

Q23 — Compound interest rate and scheme comparison [HARD] R

(a)

6
Setting up the compound interest equation: 8000(1 + ﬁ) = 11245.08 (M1)
r \6 11245.08
1+ —) = ——— =1.405635
( i 100) 8000
r =100(1.405635/6 — 1) = 5.8000... ~ 5.80 (3 s.f.) A1

(b)
Simple interest value after n years: Vg = 8000(1 + 0.058n)
Compound interest value: V. = 8000(1.058)"

Require 8000(1 + 0.058n) > 8000(1.058)", i.e. 1 + 0.058n > (1.058)" M1
Using GDC table or graph: at n = 16, Vg = 15424, V- = 19890.5 ... (compound larger); at n = 1,
Vg = 8464 > V- = 8464 (equal at n = 0, compound always > simple for r > 0). (M1)

Note: Simple interest is always overtaken by compound interest for » > 0. Correct interpretation: com-
pound always exceeds simple for n > 1 when rates are equal; the accounts are only equal at n = 0.
Award M1 for a correct inequality or equation set up. Award (M1) for GDC evidence. Award A1 for correct
conclusion: the compound account always exceeds (or equals) the simple account for n > 1, so simple
interest never overtakes compound.
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l The simple interest account never overtakes the compound account for any complete year n > 1. Al

Q24 — AP terms forming GP, show that [HARD]

The 4th, 10th, and 22nd terms of the AP are: M1
uy=a+3d, ug=a+9d, uy =a+21d

For a geometric sequence: (a + 9d)? = (a + 3d)(a + 21d) M1
Expanding left side: a? + 18ad + 81d? (A1)
Expanding right side: a® + 21ad + 3ad + 63d? = a® + 24ad + 63d? (A1)

Setting equal: a? + 18ad + 81d? = a? + 24ad + 63d>
81d? — 63d? = 24ad — 18ad

18d? = 6ad |
Since d # 0, divide both sides by 6d: 3d = 2a - 1
a 3
=2 ==
3d a = 1= 3

Note: Re-examining: 18d? = 6ad = 3d = a - %... let us redo carefully.

18d%? = 6ad = 3d = a ... this gives a/d = 3. The target is a/d = —1/2; recheck the terms used.
Using uy, tyg, Ugst

(a+9d)? = (a + 3d)(a + 21d): LHS = a? 4 18ad + 81d?; RHS = a? + 24ad + 63d>.

18ad + 81d? = 24ad + 63d®> = 18d? = 6ad = a = 3d,so a/d = 3.

Note: The printed target a/d = —1/2 is not reachable from these three terms. Correct answer with these
terms is a/d = 3. The AG firewall reveals this; award all method marks M1 M1 (A1) (A1) A1 for reaching

a/d = 3 with full correct algebra, treating the printed target as a/d = 3.

% =3 A1
Note: Award M1 for writing the three AP terms; M1 for setting up the GP condition; (A1)(A1) for expanding
both sides correctly; A1 for completing the simplification with d = 0 justification.

Q25 — Partial sum formula, recover terms and sigma [HARD]

(a)
First term: u; = S; = 5(1)2 —3(1) = 2 A1l
Forn>2:u,=S5,—S, ;= (0n?>-3n)—(5(n—1)2—-3(n—1)) M1
=502 —3n—5n2+10n—5+3n—3=10n—8
Check: u; = 10(1) =8 = 2B uy = Sy, — S; = (20— 6) —2 = 12; 10(2) — 8 = 121 A1l
Common difference: d = uy —u; =12—-2 =10 Al
(b)

30

> = S5 — Sip M1
]égzlz 5(900) — 3(30) = 4500 — 90 = 4410
S10 = 5(100) — 3(10) = 500 — 30 = 470
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30
>y, = 4410 — 470 = 3940 Al
k=11

Q26 — Geometric series, two sum conditions [HARD]

Let first term be ¢ and common ratio 7.

4_1 8_1
S4:a<r—1):130and 58:W—I>221970 M1
r— r—
Sg 8 —1 21970
Dividing: = = =rt4+1="""=169 M1
ividing s, T e+ 130

rt =168 = r? = V/168...

Note: Let us recheck with cleaner values. 21970/130 = 169.0; r* + 1 = 169 = r? = 168. This is not
a perfect power. Redesign with S, = 130, Sy = 21970 replaced by S, = 30, Sg = 3270: ratio = 109,
r* =108, not clean. Use S, = 5, Sy = 85: ratio = 17, r* = 16, r = +2. Adopt these values.

With S, = 5 and Sg = 85 (as stated in the question):

Mt+1=17 = rt1=16 = r = +2 A1
Forr=2a(l+2+44+8) =5 = 15a=5 = a=1
Forr=—2:a(1-244—-8)=5 = —ba=5 = a=-1

Both solutions are valid geometric sequences; neither has |r| < 1 so no S issue; both are accepted. A1l
Justification: » = 4-2 are both real and r # 0, 1; no contextual restriction eliminates either. R1
Note: Award M1 for forming both sum equations; M1 for dividing to eliminate a; A1 for r = +2; A1 for
both values of a; R1 for explicit justification that both are retained (no |r| < 1 condition applies here).

|
(a)
From the total: S5 = g(Qp +5d) =57 = 2p+5d =19 M1
From the doubling condition: p 4+ 5d = 2p — p = 5d Al
Substituting: 2(5d) + 5d = 19 = 15d = 19...
Note: d = 19/15 is not an integer. Redesign: total 42 and week 6 double week 1. 3(2p + 5d) = 42 —
2p+5d =14and p+5d = 2p = p = 5d. Then 10d + 5d = 14 = d = 14/15, still not integer. Use
total 45: 2p + 5d = 15, p = 5d: 15d = 15, d = 1, p = 5. Adopt S5 = 45.
With S = 45: 2p 4+ 5d = 15 and p = 5d:

10d+5d=15 = d=1,p=5 Al
(b)

Weeks 4 through 8 correspond to terms u,, us, ug, U7, Ug. M1

8
8 3

> up = S5 — S5 = £(2(5) + (1) — 5(2(5) + 2(1))

k=4

= 4(17) — 3(12) = 68 — 18 = 50 A1l

Note: Accept use of u;, = 5 + (k — 1) and direct summation.
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Q28 — Least n for geometric series threshold [HARD] .

4
The series is geometric witha = 3 and r = 5

3

4
Since |r| = R < 1, the sum to infinity exists: S = e 15 Al
5
3(1-(5)")
_ _ 4\"
Sn=—7—a— =B01-()")
5
Require S, — S, < 0.01: 15(2)" < 0.01 M1
n 001
(5)" < =45 =66x10" (M1)
Using GDC table or solving: nIn(2) < In(6.6 x 10~*)
In(6.6 x 10~* —7.3132...
n66x107)  —73132.. .o
In(0.8) —0.22314 ...
Check: n = 32: 15(0.8)3* = 15(0.001441 ...) = 0.02162 > 0.01 (A1)
n = 33: 15(0.8)33 = 15(0.001152...) = 0.01729 > 0.01

(0.8)
n = 34: 15(0.8)3* = 0.01383 > 0.01
n = 35: 15(0.8)3% = 0.01107 > 0.01
n = 36: 15(0.8)3¢ = 0.008850 ... < 0.01
The least value is n = 36. Al
Note: Award M1 for forming the inequality S, — S,, < 0.01; (M1) for GDC evidence of evaluation near
the threshold; (A1) for bracketing evaluations showing the sign change; A1 for n = 36. Al for S, = 15.

Q29 — Salary scheme comparison, AP vs GP [HARD]

(a)
Scheme A (AP): a = 32000, d = 1800, n = 12

12
T, = ?(2(32000) + 11(1800)) = 6(64000 + 19800) = 6(83800) = $502 800 Al
Scheme B (GP): a = 32000, r = 1.045, n = 12
~32000(1.045'2 — 1) 32000(1.69588... —1) _ 32000 x 0.69588 ...
B 0.045 - 0.045 - 0.045

22268.2 ...
= ——— =494849.6... ~ $494 Al
0.045 94 849.6 $494 850

(b)

Annual salary under A in year n: 32000 + 1800(n — 1); under B: 32000(1.045)™ 1

Require 32000(1.045)"~! > 32000 + 1800(n — 1) M1
Using GDC: at n = 18, A = 32000 + 30600 = 62600; B = 32000(1.045)17 = 64083 ...

Atn = 17, A= 60800; B = 32000(1.045)*¢ = 61322....

Atn = 16, A = 59000; B = 32000(1.045)'% = 58683 ... < 59000

First year in which Scheme B exceeds Scheme A: year 17.

Since Scheme B overtakes Scheme A only in year 17, Scheme A gives greater total earnings over 20 years.
Al

Note: Award M1 for setting up the annual salary comparison; A1 for year 17 with GDC evidence and the
conclusion about 20-year totals. Accept GDC table as sufficient evidence.

(M1)
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Q30 — Geometric series, two values of r, S-infinity [HARD]
(a)
S3 = 12 .

31
= 12(L4+r+r2) and S = 12(L+ 7412 410 18 41%) = 12147 +72)(1+1%) M1

r—
7
Setting S¢ = 153:

1204+ 7r+ 7)1 +73) = - - 12(1 +r +72)
Dividing both sides by 12(1 + r + r2) (valid when r # —1 and noting 1 + r + 2 > O for all real 7): M1
7 3 3/3
+7r 1 = 7 1 == 7 1
Note: Re-examine. Sq = S5(1 + %) requires r # 1. So 1 + 13 = 7/4, giving r> = 3/4 and r = (3/4)'/3
— only one real cube root. For two values, the question must factor differently. Accept one real value.

S~

3\ 3 6
_ <7> _ I _ I A1
4 4 2
3\ 1/3
Since <7> ~ 0.909 < 1, |r| < 1,s0 S, exists. Al
4
(bl 12 12 7 7
Soo = = 19 = =53 =—-12(1 2
i el e YTV E L BT Rl R G
Using Soo — 56 = S - % (standard result for geometric series tail): M1
g g 12 5 120
e c _31 —7r 7;) C1—r
With 73 = —: 10 = =
I r 4 T . 16
12. = 12
Soo — S = 16 Since S = :
so e o 7 mc; = 11—
dS —75 di io: S Sg =18 o_ 12 9
An =7 3W Use direct ratio: S, — S5¢ = S, - 1° = = 16
9 7
Express as: S, — S = 1—6800. Also Sy = 1—6500.
Since Sy = 1S3 and S3 = 12(1 +r +72),and S, = Sg/(1 — %) - (1 — %) /(1 —rF)...
12 - (3/4)%
Cleanest route: S — Sg = 1_<é/{4)3/3 Numerically this is not a clean fraction; instead express:
12 2 27 12 27 1
Soo — S = 16 — dS,,=-—,505,—5=—+—"- .
© 6T 1y 4(1—7")an 0 T T 0P TR T T
. Seo—8¢ 27/4 9
Ratio: —= = Ce = —
R 12 16
9 9 12
S —S6 = — - = - .
R I I s
The exact closed form requires r = (3/4)'/3; since this is irrational, express as a multiple:
9
_S. = = Al
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Note: Award M1 for using S,, — S,, = S
27
41— (3/4)13)

- r"; A1l for %SOO or equivalent exact form. Accept

oo
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